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PHAN TiCH DAO DONG TU DO CUA TAM NANO COMPOSITE
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TOMTAT

DéE khai thac t6i da uu diém cta nhiéu loai vat liéu khac nhau, ngudi ta thuding st dung cac két cau duoc ché tao tir nhiéu I6p vat liéu khac nhau, do vay hiéu
qua lam viéc ctia cc két cau nay dugc tang Ién. Bai béo nay st dung 16i gidi md phong hiiu han dé nghién ctiu dap ing dao dong tu do ctia tdm nano composite
nhiéu |6p tua mot phan trén nén dan héi ¢ do cing bién ddi, trong d6 tam composite gdm hai I6p vat liéu ngan céch véi nhau bai bién dang 1a bé mat lién tuc
(dang séng hinh sin) va bé mét dang gdp khic (dang song hinh vudng). Céc cong thiic tinh toan dugc thiét Iap dua trén hai ly thuyét bién dang ct kiéu mdi,
trong do ly thuyét phi cuc bo ciing dugc tinh dén dé xét dén anh hudng cla hiéu ting kich thudc. Ngoai ra, bai béo ciing ké dén dnh hudng cla su khong hoan
hao hinh déng ban dau tir dang toan cuc dén dang cuc bg, ciing chinh diéu nay lam phiic tap cac cong thic tinh todn, nhung két qua tinh todn tién gan vdi thuc
t€ 1am viéc cla cac két cdu nay. Nghién ctiu nay tao tién dé khoa hoc 6 gid tri d€ lva chon cac tham s thich hgp khi thiét ké cac tdm composite trong thurc té.

Tirkhéa: Dao dng riéng, tdm nano, phuang phdp phdn ti hitu han, Iy thuyét bién dang cdt kiéu mdi.

ABSTRACT

To fully exploit the advantages of various materials, structures composed of multiple material layers are often employed, thereby enhancing their overall
performance. This paper employs a finite simulation approach to investigate the free vibration response of multilayer nano-composite plates that are partially
resting on an elastic foundation with spatially varying stiffness. The composite plate consists of two material layers separated by an interface with either a
continuous sinusoidal surface or a corrugated square-wave surface. The governing formulations are established based on two newly developed shear
deformation theories, in which the nonlocal theory is also incorporated to account for size-dependent effects. Furthermore, the influence of initial geometric
imperfections, ranging from global to local forms, is considered. Although this significantly complicates the mathematical formulation, it enables the obtained
results to better reflect the actual mechanical behavior of such structures. This study provides a valuable scientific foundation for selecting appropriate
parameters in the design of composite plates for practical engineering applications.

Keywords: Natural frequency, nano sheet, finite element method, new shear deformation theory.
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1. GIGI THIEU tai tot. Do vay yéu cau thuc té dat ra la phai co nghién ctu

Ngay nay, cling v6i su phat trién cia khoa hoc ky  trén nhiéu khia canh khac nhau vé cac két cau nay, va khia
thuat, cac vat liéu mdi cling véi cac két cdu tién tindava  €anh dap Uing co hoc cUr?g la mot pham vi dugc cac nha
dang duoc cac nha khoa hoc quan tam nghién cdu, diéu €9 hoc quan tam. Liva dong nghiép [1] st dung nhiéu 15i
nay xudt phat tir trién vong ing dung réng rai trong thuc gidi khac nhau dé nghién cttu dao dong riéng cta tam
té clia n6, dc biét 1a cac két cdu nhe nhung kha nang chiu ~ composite véi nhiéu hinh dang phuic tap va c6 chiéu day
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thay déi. Phuong phap khong luéi két hop véi ly thuyét
bién dang cat ki€u mai da dugc Hung va cong su [2] su
dung dé phan tich dao déng riéng ctia tdm composite.

Mot s6 thiét bi dac thu nhu sensor cdm (ng, cac vi
mach dién t& can st dung cac két cdu dam, tam c6 kich
thudc c6 nano va micro mét, khi & cac kich thudc nhé nay,
khi phan tich cac dap tng co hoc clia chiing ngugi ta can
phdi xem xét anh hudng hiéu tng kich thuéc. Binh va céc
doéng nghiép [3] da ap dung |6i giai dang giai tich dé phan
tich anh hudng cula hiéu ung kich thudc, méi trudng nhiét
am va hiéu ung flexoelectric dén dap (ing doéng luc hoc
clia ddm nano chiu tai trong ngau nhién. Anh hudng clia
hiéu Ung flexoelectric va vét nut dén tan s6 dao déng
riéng va cac dang dao dong riéng clia tdm nano da dugc
Doan va déng nghiép chira trong cong trinh [4], trong dé
cac cong thuc tinh toan dugc thiét 1ap dua trén ly thuyét
truong pha va phuong phéap phan ti hitu han. Cach tiép
can dua trén phuong phap phan tt hitu han cliing dugc
Tho va déng nghiép [5] 4p dung dé chi rd anh huéng clia
hiéu ng flexomagnetic dén dao déng cudng buc cla
tdm nano, trong dé cac céng thic tinh toan dugc thiét lap
dua trén ly thuyét bién dang cat ki€u méi. Trén co s& cla
nhiéu loai cta ly thuyét bién dang cat cai tién, Tien va
déng nghiép [6] da xay dung quan hé Ung xt co hoc, thiét
lap phuang trinh can bang cho tdm nano gébm nam Iép
vat liéu, sau dé cac tac gia da st dung phuong phap phan
td hitu han dé giai hé phuong trinh tim dugc nhdm lam
rd dap (g dao déng va udn cla két cau nay. D& hiéu hon
vé dap Uing ca hoc clia cac két cau kich thudc nano, ngudi
doc c6 thé nghién ctiu cac cong trinh [7-10].

Trén co sG cac nghién clru da cé, c6 thé nhan ra rang
nghién ctu dé lam rdé dap Uing dao déng clia tdm nano
composite nhiéu I6p, trong dé cac I6p ngan cach bai
bién dang tran hodc gap khuc la chua dugc chi ra. Vi li
do dé, bai bdo st dung phuong phap mé phdéng hiru
han dé lam sang t6 van dé nay, day la van dé thuc su ¢
y nghia khoa hoc.

2. DAT BAITOAN VA PHUONG PHAP GIAI

Tam nano composite gobm hai I6p ti€p xdc véi nhau
theo bién dang lugn séng dugc mé hinh nhu trén hinh 1.
Tam c6 cac thong s6 hinh hoc la ava b, chiéu day la h, hai
I6p vat liéu c6 chiéu day tuong ting la h; (i = 1-2), bai bao
nay tinh toan hai trudng hop sau:

Bién dang tiép xuc cta hai I6p c6 dang song hinh sin:

hy = kosin(Bux) )

Bién dang tiép xuc cla hai I16p cé dang séng hinh
vudng:
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(2)

véi B, _2mN va N la s6 budc song, ko la bién do séng
a

cla bién dang tiép xuc.

Nen-dan hoi

Lr

g gy w
e W S8
e
N

en dan-hoi (x,

Lr

Hinh 1. M@ hinh tdm nano composite twa mgt phan trén nén dan hoi
L6 réng xudt hién trong vat liéu tiing 16p vai ty lé thé
tich:

r

yO =y, {1—r0 +%cos(nz/h, )} 3)

trong d6, Y laty & thé tich 16 réng trong trudng hop
ro =0.
Co tinh vat liéu ¢6 biéu thuc:

" (2)=E)(1-v)) @

trong d6, EY") 1a moé dun dan hoi, hé s6 Poat xong trong

méi 16p gia thiét khong déi v =v'?).

Do su khac nhau vé vat liéu cta hai I6p, do d6 khoang
cach gilra mat trung hoa va mat trung binh c6 dang:

h, h
J. E®@ (z)zdz + J.E“) (z)zdz
h, == 7; (5)
I E@ (z)dz+ jEm (z)dz
hX

,hz
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Trudng chuyén vi clia tdm

ou ou
u (x,y,z2)=—(z-h 3b_e 35
By D)= y ox  ° ox
0 0
U, (x,y,2)=~(z=h, )22 —e, 2 (6)

oy oy

u,(X,y,2)=Uy, + Uy, + Usimp

trong d6 chuyén vi theo phuong z dugc chia lam hai
thanh phan va ez

e(2)=(z-h,)- o
+16{(2—2@) +(z—hb)2J 7)
7h h

Trudng bién dang:

£, =(z—h,)e, +e,&, +&,
g,=(z—h,)e, +e,e, +€,,,
EX,V = (Z - hb ) + ez Erxy + Exylmp (8)
YXZ = nZVSXZ
Vyz = nzYsyz
trong do:
£ = azu?;b ce = a2u3s .
i x> ox?
S W3y, O(Usy, +Us,)
Ximp aX aX
£ = azu3b cg = 82u3s .
zy 2 7 ry 2 7
oy oy
€ — au3imp 6(u3b + u3s) (9)
"oy oy
ou ou
g =-2—3b,¢ —_p 3.

i xoy ™ oxdy "

e = Ol 8(u3b +Ws ) + Oy a(u3b +Us,)
xyimp ay Ox ox ay
v = ou,, _ duy, =1 oe,

ox Vo oy 0z

véi € 3 la cac thanh phan bién dang do

ximp ! “yimp ! xylmp

anh huéng ctia su khéng hoan hao hinh déang ban dau:

ol oo
b

VGi Rin la bién d6 ctia su khéng hoan hao, cac tham so
8,0, 1y,6,,,, va 4> thé hién mic do khong hoan hao clia

(10)
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hinh déng ban dau. Cac théng so: 6, u,, ¥,, 6,, U,, ¥,
nhan cac gia tri khac nhau tuong Ung véi cac dang khong
hoan hao DH (dang ham diéu hoa), TC1 (dang toan cuc 1),
TC2 (dang toan cuc 2), TC3 (dang toan cuc 3), CB1 (dang
cuc bd 1), CB2 (dang cuc b 2), CB3 (dang cuc b6 3), CB4
(dang cuc bo 4), va CB5 (dang cuc b 5) dugc cho nhu
trong tailiéu [11].

Do tam composite ¢6 kich thudc nano, nén hiéu ting
kich thudc can dugc tinh dén, va dé thé hién diéu nay, bai
bdo st dung ly thuyét dan hoi phi cuc bo:

(z-2z, )sg)
+e,e) +e) (11)

(1-g2v*)x") =Dy

(1-9;v?)e! =D"

trong dé 0 ) lavécto ing suat, ™ lavécto Ung suat

tiép, V> la toan tu Laplace, ¥, la tham s6 dac trung cho
anh hudng cutia hiéu tng kich thudc, con goi la tham so6
(2% {1’0

dan hoi phi cuc bo, DS(’) =
z(1+v<'>) 0.1

} [dam mo dun
dan héi trugt, v 1a hé s§ Poisson va £ la mé dun dan
héi trugt ctia 16p vat liéu tha i

Nguyén ly cong kha di dugc ap dung dé thiét lap
phuong trinh can bang cho tam:

6Ytam - érquantinh = O (12)
v6i 81, va 6r,,,.., la cong kha di clia tdm do bién

dang va coéng kha di cta luc quan tinh, ching cé biéu
thuc:

+
2 ) + Tff)é(cg) ) dzddxdy

dzddxdy  (13)
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Al

Y o*éus, s o*éu,,
*oox? *oox?
Y o*éuy, s o*éu,,
y 2 y 2
oy oy
:J o*éuy, o*6u dxdy
0 2M 3s
Y axay Y oxoy
obéu odu
+Q 3s +Q 3s
Xz aX yZ ay
H, [1 -C, sin(in
2 a
dxdy

x(l—cw sin[%nuzé(uz)

vGi My, My, My, la cac thanh phan mé men; S,, S, la cac
thanh phan mé men bac cao; Q., Q, la cac thanh phan
luc cat; Hw va ¢y 1a hai théng s6 clia nén, Lr la d6 dai ctia
nén cé tuong tac vai tam composite.

Coéng kha dic

6Yquanrinh = I

h, i s i
| p‘”(z)[“*.. e “dezdxdy
h, +U,6u,
h i Su_ +1i bu
(1) ux X y=y dzdxd
(o e

trong dé

D D D D
oo = O

w

Sau cac phép bién déi, ta thu dugc phuong trinh can
bang cho tdm nano composite c6 ké dén hiéu ng kich

Il
Q=

Ga luc quan tinh:

Ry (s, + Uy, )6(us, +uy, )
+R ( 3b XX +u3b yy)6u3b

u35 XX 35 WYy )6u3b
)éu

u3s XX 35 5% )6“

+R, (i
( 36,0 T Uzp,yy
+R (¢

1
(z z,)
z-2z,)e

e

1
(z- zb)
z-2z,)e,

dz

"(2)

e

thuéc nhu sau:
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rdxdy

(14)

o*M, M, 62M
2 +2 2
ox axay
f Ry (Ui, +1s, ) dxdy
L +(1-gv? )| +R ( u3bxx+u3byy
+R UngX+U35 yy
bis H, 1 C smg
”1 (/)LVZ dxdy =0
00 (l—cwsm jju
(16)
&’s, 05, S, , A,
>+ +t—+ +
ox oxoy oy ox oy
J. Ro (U3b +U3s) dxdy
? +(1_(pL2V2) +R (u3bxx 3byy)
( 35xx 35yy)
b, (1 C sm( D
; dxdy =0

] (1-4v?)
et

Cé nhiéu loai phan ti c6 thé sirdung, & day bai bao su
dung phan ti chr nhat c6 4 nit va moéi nit gém 6 bac tu

.
ou Ous,
u3bi’u3si'( a;bj '(Q_;J

do nhu sau:

(17)

Do vay
15,
[T+ [ - j
Uy, = z a = Y,u,,
i=1 Us,
+7;+2[ 8y Jl (1 8)
0
4 77“35: +77+1[ g“J
X 1
u3$ = Z a = Ysu3e
i=1 U,
+77+2 ( j
o )
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i=1 i+2 ausb
ox \ oy )
aTI u aEH (au%)
au3s_z4: ax 7 oax ox ),
ox | orT

ay i=1 aTi+2 6U3b
oay Loy )

EU anﬂ(au%j
6’u35_2“: oy 7 oy L ax ),
ay i=1 a77+2 6U3S

a \ )

o°T, 0°T,,, ( Ous,
2 o ™ ax o

o’us, =Z X X X
o’ S| 0T, [ ouy,
ox* \ oy )

627’1 azTIH (au3s
62u35=Z4: o T ax ax ),
axz i=1 6277+2 au3s

+

ox* oy )

o°T, 0°T,., ( Ous,
2 oy ™ o o

o°u,, ZZ y y X
I O°T,,, ( 9us,
oy’ Loy )

827-i azTIH (au3s
2 2 u3si 2

O oy ay* Lox ),
ayz i=1 a27-1'+2 au3s
oy’ Loy )
aT a i+1 au3b
o%u 4 | OXOy 3b"-l_axay ox ),
3b =Z
axay i=1 +a i+2 au3b
oxoy \ oy ),
a T 627-/41 auSs
+
d%us, _Z“: 0Oxoy o oxoy \ ox ).
axay i=1 + azTi+2 au?ss
oxoy \ oy

= b2xyu3‘

=Y52xyu39

180 | Tap chi Khoa hoc va (ong nghé Trudng Dai hoc Cong nghiép Ha Noi

trong do, T; la ham dang Hercmit.
Véc to chuyén vi tai mot diém bat ky thudc phan ti:

w <l u 6u3bj ou,, \ (0uy, ) ((Qu,, |
Tl L J Ly ) oy (19)

={Y, Y, Y, Y,.Y, Y ju, =Yu,

sx! Tby!

Do vay, cac véc to bién dang dugc viét lai nhu sau:

T
E, = |:_Yb2x _Ybe _2Yb2xy:| u,, :qu3e;
T
sf :[_Yszx _Yszy _2Y$2xy:| u3e = qu3e; (20)
T .
simp = |:Yximp Yyimp nyimp] u3e = Yimpu3e !
T
VSO = I:st Ysy:| ue = Ysu3e (21)
trong do:
T
Yz :|:_Yb2x _Ybe _2Yb2xy:| ’
T
Yf :|:_Y52x _YSZy _2Y$2xy:| ;
(22)

Voo = [Yoro Yoo Yo ]T,-

ximp yimp xyimp

v.=[v, v, T

Cac biéu thuc (17)-(22) dugc thay vao phuong trinh
can bang (16), phuong trinh dao déng cia tam nano:

{ZZ( K, )0 ZME}Zu3e

trong d6 cac ma tran cta phan tir tam dugc cho nhu
sau:

(23)

YCY, +YCY +YCY, +YCY,

tam J. +YTCZImp +Y/;'pc21mpY +YfTCnmp imp dQ
Q T T T
Y G Ve Y G Y T Y, CY,

(1-025°)1, [ 1-c,sn( %
S

(Yo +Y,) (Y, +Y,)

KE

nen

o<

(24)

Il
Pe—,

Me = jhj(l ¥;v*)o® (2)(R"YYR)dzdQ
+jhj 1-9;v?)p" (2)(R"Y"YR)dzdQ

trong dé
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0 0 —(z-h,) 0 -e, O
R=|0 0 0 —(z-h,) 0 —e, (25)
11 0 0 0 0

h, hy
C, :{ j DY (z-h,) dz+ ID(I)(z—hb)Z dz};
h

_hZ

X

h, hy
C, :{ D(Z)ez(z—hb)dz+J'D(')ez(z—hb)dz}
hX

hX h]
C, :{ J' DYeldz + ID(’)efdz};
by Ay

i i (26)
Comp :{ [ 0¥ (z=h,)dz+ [D" (z-h,)dz
—h h,

2

rimp
_hZ

hX h1
C —{ D%e,dz + ID(I)eZdz};
hX

hX h'\
C, :{ I D,"n,dz+ IDS(I)nZdz}
hX

_hZ

Giai phuaong trinh (23), bai bao thu dugc tan s6 dao
dong riéng va cac dang dao dong riéng clia tam nano
composite tya mot phan trén nén dan hoi.

3. KIEM TRA SU CHINH XAC CUA LY THUYET TiNH
TOAN

Tam nano hinh vuéng a = b= 10nm, chiéu day cia tam
h, cac déac trung vat liéu E=30MPa, v = 0,3, tdm lam bang
vat liéu cé khéi lugng riéng p = 1. Cac canh clia tdm nano
déu tua don.

Bang 1. So sdnh tan so dao dong riéng clia tdm nano véi cac gia tri khac
nhau cia tham s6 dan héi phi cuc bo

gy | Yo | Tailiu | Tailieu | Tailigu | Tailigu | Bai
(nm) [6] [6] [6] [12] bao
0 0,092 0,092 0,092 0,093 0,092
10 0,5 0,084 0,084 0,084 0,085 0,084
1 0,078 0,078 0,078 0,079 0,078
0 0,023 0,023 0,023 0,023 0,023
20 0,5 0,021 0,021 0,021 0,021 0,021
1 0,020 0,020 0,020 0,020 0,020
Tham s6 so sanh la tan s6 dao dong riéng dau tién cua
tdm  nano dugc tinh  theo cong  thic

2 =wh/2p(1+v)/E . K& qua so sanh dugc thé hién

trong bang 1, su gan nhau gilra cac két qua cta bai bao
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va cac két qua da cong bé ching to ly thuyét tinh toan
cla bai bao dam bao dé tin cay can thiét.
4.KHAO SAT SO
Phan nay tinh toan dao dong cho tdm nano composite
c6théng s6 a=b=10nm, h=a/10. Cac dac trung co tinh
cla Idp trén va I6p dudi cla tdm: E; = 70GPa, v; = 0,3,
p1 = 2700kg/m?3, E; = 390GPa, v, = 0,3, p, = 3960kg/m?,
quan hé gilia cac chiéu day h, = 0,6h, h, = 0,4h. Tam tua
trén nén dan héi c6 do ciing thay déi theo toa do va tham
s0 do cling khong thi nguyén dugc dinh nghia nhu sau:
H a* 3
A, zw_a; B, __Bh
B, 12(1-v?)
Tan s6 dao dong riéng clia tdm nano composite dugc
khao sat va c6 cong thuc tinh todan nhu sau:

p(z)

E(Z) (27)

T, =10%wh

Trén hinh 2 trinh bay két qua tinh todn tan s6 dao
dong riéng dau tién phu thudc vao chiéu dai ctia nén dan
hoi tuong (ing vaéi cac diéu kién bién khac nhau, mot sé
nhan xét dugc rat ra nhu sau: Khi tang chiéu dai ctia nén
dan héi thi tan s6 dao déng riéng clia tdm nano
composite tang Ién, diéu nay la do do ciing clia tdm nano
composite da tang 1én, va khéi lugng cta tam thi khong
thay d6i khi chiéu dai nén dan héi thay déi. Véi diéu kién
bién tdm ngam tat ca cac canh thi tan s6 dao déng clia
tdm nano composite la 16n nhat, tan s6 dao dong riéng
cla tam nano composite khéng chi phu thuéc vao diéu
kién bién, ma con phu thuéc vao dang khéng hoan hao
cla tam.

Hinh 3 trinh bay két qua tinh toan bén tan s6 dao
dong riéng dau tién cla tdm nano composite phu
thudc vao sé budc song N cua bién dang tiép xtc gitta
hai I1&p. Khi sé budc séng N tang lén thi tan s6 dao dong
riéng clia tam bién ddi theo dudng cong phi tuyén,
diéu nay la do anh hudng clia budc séng N lam cho ca
dé ciing va khéi lugng cla tdm thay déi, va ciing tén
tai gia tri bu6c séng thich hgp dé tan sd dao déng cua
tdm dat cuc dai. Ung vai méi gia tri clia budc séng N thi
gia tri cta tan s6 dao dong riéng clha tdm nano
composite khac nhau va phu thuéc vao dang khéng
hoan hdo cta tdm. Trén hinh 4 thé hién nam dang dao
dong riéng clia tam nano composite (ing véi hai dang
khong hoan hao hinh dang, ti cac hinh vé nay, ching
ta thay rang dang khéng hoan hao ciing anh hudng
dén cac dang dao déng riéng clia tam nano composite,
diéu nay thé hién rdé ¢ cac tan sé cao.
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Hinh 4. Ndm dang tan s6 dao dong riéng dau tién cla tam N =1,
ko/h1 = 0,5, s6ng hinh sin, Lr=a/2, Yo =0,4,10=0,2, Rn=10,3, cx = 0,5,
Aw= 104, L/a=0,5, lIJL/h =1
5. KET LUAN

Bang viéc strdung phan td bén nat, moi ndt c6 sau bac
tu do, bai bao nay da phan tich dao déng riéng ctia tdm
composite nhiéu I6p tua mot phan trén nén dan hoi, su
déc dao chia nghién clu nay la xem xét cac I6p tiép xuc
véi nhau theo bién dang phuc tap. Cong thuc tinh toan
dugc thiét 1ap dua trén ly thuyét bién dang cét ki€u mai,
trong do6 chuyén vi theo phuang vuéng géc véi tdm dugc
phan ra thanh hai thanh phan uén va cat, ly thuyét tinh
toan dugc minh ching su tin cay nha viéc so sanh két qua
tinh toan tan s6 dao dong véi cac két qua da cong bé. Bai
bdo tinh toan s6 nham lam ré anh hudng clia mot s6 tham
s6 nhu chiéu dai nén dan hoi, diéu kién bién, s6 song cla
bién dang ti€p xuc giia hai I6p t6i tan s6 dao déng riéng
va cac dang dao déng cla tdm composite. Nghién ctu
nay co gia tri quan trong trong thiét ké cac tam composite
trong thuc té.
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