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TOM TAT

Céc mang méng thudng dugc st dung rdng rdi trong cong nghé hién dai nhu mang son phi clia bé mét 6 t6, mang mdng trén cc bé mat dién thoai cam
ting. Cac 16p mang nay rat méng, 6 thé ¢ kich thudc nano va c6 thé mé hinh nhu tam kich thudc nano, mét trong nhitng dang chiu tai chinh clia ching trong
thuc té la nhiét do. Nghién ctiu nay st dung phuong phap gidi tich dé phan tich 6n dinh nhiét ctia mang méng kich thuéc nano dang tam lam bang vat liéu ¢ co
tinh bién d6i va tua trén nén dan hdi hai hé s6. Cac cong thiic tinh toan dugc thiét [ap dua trén Iy thuyét bién dang cit kiéu mdi, 16 gidi Navier dugc st dung
nhdm tim ra dugc biéu thic tinh todn cu thé cla ti nhiét t6i han ca mang mong nano khi chiu tai nhiét. Cong thiic tinh todn duoc kiém ching thdng qua so
sanh vdi cac két qua da cong bo nham lam rd anh hudng clia cdc tham s6 hinh hoc, vat liéu dén kha nang chiu tai nhiét cia mang mong nay. Cac két qué tinh
todn lam co s& khoa hoc cho viéc thiét ké va ché tao cdc mang mdng trong thuc té, trong d ¢d nganh cong nghiép 6 to.

Tir khéa: On dinh nhiét: tdm nano; nén dan hoi;: co tinh bién doi.

ABSTRACT

Thin films are widely used in modern technologies, such as coating layers on automobile surfaces and thin layers on touch-screen devices. These films are
extremely thin, often at the nanoscale, and one of the primary loading conditions they experience in practice is thermal loading. This study employs an analytical
approach to investigate the thermal stability of nanoscale thin film plates made of functionally graded materials and resting on a two-parameter elastic
foundation. The governing equations are established based on a refined shear deformation theory, and the Navier solution is adopted to derive explicit
expressions for the critical thermal load of the nanoscale thin film under thermal effects. The obtained formulations are validated through comparisons with
previously published results, thereby clarifying the influences of geometric and material parameters on the thermal load-bearing capacity of the thin film. The
findings provide a scientific basis for the design and fabrication of thin film structures in practical applications, including the automotive industry.

Keywords: Thermal stability; Nanoplates; Elastic foundation; Functionally graded materials.
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1. GIGI THIEU

Cung vGi su phét trién cta khoa hoc ky thuat, cac
mang mong cé chiéu day ¢6 nano dang dugc st dung
rdng rai trong thuc té, ching co thé la I6p son ph trong
céng nghiép 6 t6, chiing c6 thé 1a moét phan cla cac vi
mach hién dai,... Viéc tinh toan dap Ung co hoc clia cac
két cau kich thudc nano trg thanh nhu cau cap thiét va da
thu hat dugc sy tham gia dong ddo cla cac nha khoa hoc.
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Son va Minh [1] st dung 16i cach tiép can ctia phuong
phéap phan tihitu han va ly thuyét bién dang cat ki€u méi
dé phan tich dap ting uén tinh va 6n dinh ctia tdm nano
c6 ké dén hiéu ung flexomagnetic va luc tac dung cuc bd
[én tam. Phuc va déng nghiép [2] cling dua trén phuong
phap phan td hitu han dé chi rd dap Ung tinh cta tam
nano gom hai I&p composite ti€p xdc véi nhau theo bién
dang phtc tap, trong dé hiéu tng kich thuéc da dugc chi
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ra thong qua ly thuyét dan hoi phi cuc bé. Long va céng
su [3] da xudt phat ti ly thuyét bién dang cat bac ba dé
phan tich dnh hudng ctia 16 réng vi mé dén dap tng uén
tinh va én dinh cia tdm nano c6 ké dén hiéu (ing bé mat.
Van va cong su [4] da dua trén I5i gidi dang gidi tich dé chi
ra cac dap Ung co hoc clia tdm nano tua trén nén dan
nhot va cé xét dén anh hudng ctia moi truong da vat ly.
Ke va nhédm nghién ctu [5] phan tich anh hudng cla hiéu
g kich thudc dén chuyén vi uén tinh cta vé nano hai
do cong nhiéu I8p, trong d6 I6p bé mat lam bang vat liéu
cb hiéu ung flexoelectric. Tien va déng nghiép [6] cling
chi ra anh huéng cla hiéu tng kich thuéc dén 6n dinh va
dao dong clia tdm nano organic, trong do6 c6 xét dén can
nhét cha vat liéu.

TU cac két qua da cong bd, co thé thay rang van dé 6n
dinh nhiét ctia két cau kich thudc nano noi chung va tam
nano noi riéng chua dugc nghién cuu triét dé. Trong béi
canh cong nghé hién dai, cac tam nano dugc st dung
rong rai trong cong nghiép 6 t6 va vi mach dién tl, dac
biét khi chung dugc phu cac I6p vat liéu chiic nang nham
tang d6 bén va kha nang chéng chiu méi truang. Duéi tac
déng cta nhiét do cao hodc bién thién nhiét, su mat 6n
dinh ctia cac két cau kich thudc nano c6 thé xay ra, anh
hudng truc ti€p dén dé tin cay va tudi tho cda thiét bi. Cac
I6p son phl bé mat trong 6 té khéng chi déng vai tro bao
vé ma con tham gia vao qua trinh truyén nhiét va ing xt
c0 hoc clia hé. Tuong ty, trong vi mach dién td, cac I6p
pht siéu méng c6 thé lam thay déi dang ké dac trung én
dinh nhiét ctia cac tdm nano nén. Do do, viéc phan tich va
du doén chinh xac én dinh nhiét clia tdm nano c6 xét dén
anh hudng clia tam nano la yéu cau cap thiét, gop phan
t6i uu héa thiét ké va dam bao hiéu suat lam viéc cla cac
hé ky thuat tién tién. Chinh vi yéu cau d6 ma bai bao nay
st dung 1oi giadi dang Navier dé giai quyét bai toan 6n
dinh nhiét ctia tdm nano trén nén dan héi hai hé s6.
2.CONG THUC TiNH TOAN

/y

e a

Hinh 1. M hinh tdm nano tua trén nén dan hoi hai hé s6
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Hinh 1 chira mé hinh tdm nano dat trong hé truc toa
dé Dé Cac Oxyz, tam gom hai canh dugc ky hiéu la ava b,
chiéu day tam la h, tam tua trén nén dan hoi véi hai tham
sO d6 cing ky va k..

Khi tinh toan cac két cau n6i chung va tinh toan tam néi
riéng, cac nha khoa hoc thudng biéu dién cac thanh phan
chuyén vi theo ba truc toa dé Dé Cac bang nhing dang
ham khac nhau. Méi loai ham déu c6é nhing uu diém va
han ché nhat dinh. Trong nghién ctiu nay, trudng chuyén
vi clla mét diém bat ky thudc tdm cé dang nhu sau:

ouy, ous,
“1)° aix aix
u, ;=40 —zq—L -k, —= 1
+u » »
u u
3 3b 3s 0 0

trong do, uy, Uy, us la cac thanh phan chuyén vi doc
theo cac truc Ox, Oy va Oz, thanh phan chuyén vi doc theo
truc Oz dugc phan ra thanh hai thanh phan, moét thanh
phan lién quan dén uén va mét thanh phan lién quan dén
cét va ham g, cé dang:

k, :z—ﬁsin(zj (2)
m h
TU biéu thuc trudng chuyén vi (1), ta tinh dugc cac
thanh phan bién dang:

__Ouy, € Ouy, %y,
T T T T gy Y T g0y
y X0y
o, du,,
£, = ax; &, ay; ; 3)
y - _ a2""35 .y — au35 . y — au3s
gxy aX ay !Fsxz aX ! Fsyz ay

Bi€u thuic (3) dugc viét lai & dang véc to:
€= ZEZ + gzse; Ys = szso (4)
vGi g, =1-dk, /dz va

T T
, :{ezx,ezy,szxy} €, :{egx,egy,egxy} ;

;
VSO = {Ysz'ysyz}

Khi tinh toan két cau kich thudc nano, can phai xét dén
hiéu (g kich thudc, nghién ctu nay st dung ly thuyét
bién thién bién dang, do vay lién hé gilra cac thanh phan
Uing suat va bién dang c6 dang sau:

O = Coa (1M V? )5 T, =C, (12m*V? )y, (6)

)

trong d6, m la tham s8 thé hién anh hudng cda hiéu
ung kich thudc theo ly thuyét bién thién bién dang; dau
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"+"va dau "-" tuong Ung vdi trudng hop 1 va trudng hop
2, hai trudng hgp nay thé hién anh hudng khac nhau cda
hiéu ting kich thudc; V? la ky hiéu cta toan ti Laplace;
Omn la ing suat phdp va Cunkg la cac tham s6 ddc trung cho
tham s6 vat liéu ctia tdm nano.

Bi€u thurc (6) dugc viét cu thé & dang:

o G, C, 07fe

X

=<0, (=|C, C, 0 |J¢

y

X

=C,(1£m*V?)e (7)

y

o, 0 0 G, Vs
sz C33 :|{yxz} 2vr2
{Tyz} [ 0 Gy (Ve ( )
trong do:
E(z) E(2)
C, = ; CL=vC,; C, = ;
- V(z)2 S 2(1+V(Z))
¢, C 0
c—c11 c12 o< ° 9
b 12 11 ! s O C ( )
0 0 C, .
trong do:
E(Z) :Em +(Ec _Em)vc (Z)
a(z)=a, +(a.—a,)V.(2) (10)

v(z)=v, +(v. v, )V.(2)

vGi E, a vav la mé dun dan hoi, hé s6 gian nd nhiét, hé
s6 Poisson, chi s6 m ky hiéu cho vat liéu kim loai va chi s6
c ky hiéu cho vat liéu gém. Va ty lé thé tich vat liéu gém:

1 n
V, =(—+5j (11)
2 h
trong dé, n 1a s6 duong, day la tham sé chi s6 m{ thé
tich cda vat liéu.

Sau khi tich phan, ta thu dugc cac thanh phan néi luc
cla tdm nano nhu sau:

Mx h/2 CH C12 O ‘C‘x
M, = I G, G, 0 (g rzdz
MXy -h/2 0 0 C33 yxy

h/2 CH C‘IZ O Ex

imzvzj C, C, 0 [Jg rzdz (12)

y

—h/2 O 0 C33 yxy

=Ae, +Bg, + m’V’Ag, £ m’V’Bg,
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T . G, G, 0 ||g
T, C12 C, 0 [ tkdz
Txy e O C33 yxy
h/2|: 12 Ex
+m2v2 g, tk,dz (13)
-h/2 O C33 yxy

=Be, +Dg, +m’V’Be, +m’V°Dg,

h/2 C O
{Oxz} _ ‘[ |: 33 :|{YXZ}dZ
Q}’Z —h/2 O C33 YYZ

h/2 C O
+m>V? j[ 33 Hyﬂ}dz (14)
el 00 GV
=Hy,, + m’V’Hy,,
voi
h/2 C11 C12 O

h/2 y
H= 2| 2
hj/z[ . CJ{ }gz (15)

Dé xay dung phuang trinh can bang cho tdm nano, bai

bao st dung nguyén ly cong kha di:

8, + 6%, —8¥,, =0 (16)

trong do, 8%, 8%, va 6%, , tuong Ung la cong kha

ngl

di ctia ndi luc do bién dang, céng kha di ctia nén dan hoi
va cong kha di clia nhiét d6.

Bi€u thuic cong kha di ctia noi luc do bién dang cla

tdm nano:

(e, )i (o, )f +<S(ey )i (oy )i

éWn,:izhjl +6(exy)i(oxy)i+6(yxz)i(rxz)i dzdQ
| (

i .
i

+0(v,:) (v,0)
Y 0%6u,, T o%éu,,
*oox? *oox?
oy 0*éu,, T 0*6us,,
hi y ayZ y ayZ
=¥ g . |dzd2 (17)
27 by 0°6u,, 0°6u
Y oxoy Y oxoy
«Q, obus,, ‘Q, obu,,
ox oy
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Cong kha di ctia nén dan héi cé dang:

o :Ikwu36u3d5
S

oo 2

trong do, ky va ks la hai hé s6 d6 ciing ctia nén dan hoi.

(18)

Biéu thiic cong kha di clia nhiét dd maéi trudng:
_[N { )(aéu )+ u, ) 08u | o
ox oy oy
N, obu, N obu, ds
ax ox ay ay

trong d6, Nr la luc nhiét tac dung lén tdm nano;

(19)

[V S—

h
N, :J.E(z)a(z)Asz ,a(z) 1a hé s6 gian nd nhiét va AT la
0
chénh léch nhiét d6 cia moi trudng so véi nhiét do khong
phat sinh ting suat.

Sau khi bién dé6i, ta thu dugc hé phuong trinh can
bang clia tam nano nhu sau:

2 OM, oM 2y,
6u3b:aMX+2 LA zy—NT(au3+au3]

ox’ oxoy O ox* oy’
2,V zy y 20)
thu g S22
ox oy
2 o°T, o7, aQ
<Su35:87;x+2 + +8Q £
ox xdy o ox oy
2 2
| T Ty (21)
x> oy

ik o’u, 82u3 _
ox’ f}yz
Dé gidi hé phuaong trinh trén, bai bao st dung dang

nghiém Navier vai biéu thic chuyén vi biéu dién & dang
chudi lugng gidc nhu sau:

ii Gy, sm(t xjsm(snyj
m=1n=1 b
= Gy, sin| t—x |[sin| s—
=gl Gl )
trong d6, t va s la s6 nguyén duong. Go, va Go; la cac
bién dé cta cac thanh phan chuyén vi tuong ng. Sau khi

bién ddi, ta thu dugc hé phuong trinh can bang cla tdm
nano:

(22)
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—A Gy, (@' +0' ) =2(A, +2A,) Gy, 0"
~B,,Gy (@ +9')—2(B,, + 2B, )G, @'Y’
(A, +A,)G9° + A Gy ¥°

+(A, +2A, +4A,)G 0"

+(A, +A, +4A,,)G,,0°¢" +(B, +B,)G,0° | (23)
+B,,Gy,y° +(B,, +B,, +41’B,, )G, .0y

(N]

+(B,, +2B,, +4I°B,; )Gy, 0"’
+N,(Gy, +GOS)(qo2 +¢p2)+kw(GOb +G,,)
—k, (Gy, +GOS)((p2 +(p2):0
~B,Gy, (@ +9')—-2(B,, +2B,,)G,, 0"’
(D, +Hyym* )Gy, (0 +9*)

2(D +2D,, +H, Iz) G, 0’Y’

(Bll +BIZ)G b(p +BIIGOb()U
+ Bll +ZBI2 +4B33) Ob(p (p

+m?| +(D,, +D,,)G,,9° + D, G, .¢°
+(D,, +D,, +4D;)G, 0y’
+(D,, +2D,, +4Dy, )G, 0"y’
~Hy,Go, (0 +2077 +9*)

~HyGos (0° + 97 )+ Ny (Gy, + Gy, ) (@7 +97)

+k,, (Gop + Gy ) —k, (Gyy + Gy, )@ +97 ) =0

trong d6 Aj, B, Dj va Hjjla cac phan t clia cdc ma tran
A, B, D, H dugc xac dinh nhu (15).

Sau khi nhém céc bién dé chuyén vi, ta thu dugc dang
gon hon:

|:Y11 YIQHG%}: {0} (25)
Y21 Y22 GOs 0
trong dé
N (@ +P) 42(2A, +A,) QWA (o +0) +k
(A|1+A12)(p6+A11w6
—k (@7 +47 )£ | +(A, +2A, +4A, )oY
A A, +4A )y
le ZNT(CY2 +(P2)+2(ZB33 +Blz)<P2¢2+Bu((P4 +(p4)+kw
(2B, +B,, +4B,,) ¢y’
—ks((p2+lll2)im2 +(B,+B, +4B., )¢’y
+(B,+B,)¢"+B,y’

(

+(B,, +B,, +4B,,)G,,0°y*
(
(

(26)
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Y, =N, (¢ + )+2 B, +2B,,) ¢’y

+B,, (" +u' ) +k, —k,(@” +y’)
(B, +ZB12 +4B,) @y’
+(B,, +2B,, +4B,) @'y’
B“JrB12 @ +B,y°
Yy =Ny (9> +97)+D,, (" +y*) +2(D, +2Dy )@’y (27)
+H33((p +B° )+kw—ks(<p +(,I;2)
+(D,, +D,, +4D;; ) @’¢*
+(D,, +2D,, +4D,; )"y’
+(D, +D,,)9° +D,y°
~Hy (9" +20°y? +(,U4)
p=t/a,P=s/b

Théng qua gidi hé phuaong trinh (25), ta thu dugc biéu
thirc chia Ny va gia tri nhé nhat cdia Nr chinh 1a tai téi han
clia tam nano khi chiu tac dung ctia nhiét do.

3. KIEM CHUNG DO TIN CAY

Phan nay dua ra vi du kiém ching do tin cay cda ly
thuyét tinh toan & phan trén, tam vuéng vai ty 1é cac canh
a/b =1, chiéu day tam la h = 0,34nm, vat liéu tam cé mo
dun dan hoi 30MPa, hé s6 Poisson clia vat liéu la 0,3. Tham
s6 so sanh la tai téi han cta tam khi chiu tai nén trén ca
bén canh tam la:

a En’?
+ Dy =T 2\
Dy 12(1-v?)

Bang 1 trinh bay két qua tinh toan va so sanh tai téi
han d6i véi cac két qua tinh bang phuong phap giai tich
trong cac tai liéu [6-8], su khac biét & day la do ly thuyét
tam clia bai bao la khac biét so véi cac ly thuyét tam trong
cac tai liéu so sanh. Va so su sai léch nho gilra cac két qua,
6 thé két luan rang phuong phap tinh toan cla bai bao
la hoan toan dam bao d6 chinh xac.

H, =N, (28)

2

Bang 1. So sanh tai tdi han cia tdm khi chiéu day tam thay d6i

Nguén a/h=10 a/h=20 a/h=30
Tai liéu [6] 1,893 1,972 1,987
Tai liéu [7] 1,893 1,972 1,987
Tai liéu [8] 1,893 1,972 1,987

Bai bdo 1,894 1,973 1,988

4, TiNH TOAN SO VA THAO LUAN
Phan nay sé trinh bay 6n dinh nhiét ctia tdm nano lam
bang vat liéu composite c6 ca tinh bién déi (Al/Zr0O,), tdm
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c6 chiéu dai a = 100nm, chiéu dai canh b bién déi tir 0,9a
dén 2,5a, chiéu day tam h bién déi tir a/10 dén a/25. Cac
dac trung ca tinh cla vat liéu nhu sau: E, (Al) = 70GPa, E.
(Zr02) = 151GPa, a,=23x10°(1/°C), a,=10 x 10°(1/°C),
v, =v =03

Tam tua trén nén dan hoi véi hai tham sé do clng
dugc chuén héa:

= 12k a* -

12k.a*
E,hy

Tai nhiét t6i han cta tdm nano dugc chuan héa theo
cong thuc:

a
R, =N 29
bl On_zDr ( )
E h
trong d6: D, =—"——, ho=a/10.
12(1-v2)

Hinh 2 trinh bay két qua tinh toan tai téi han cla tam
nano phu thudc vao chiéu day tam, bai bao nhan thay
rang:

+ Khi tang chiéu day tdm nano, tai nhiét tGi han cua
tdm nano tang |én, diéu nay la do chiéu day tam tang lam
cho tam nano tr& [én ciing hon.

+ Tam cang day thi miic dé anh hudng cla hiéu tng
kich thudc cang thé hién rd rét khi tham s6 m thay déi.

+ Khi m tang lén, déi véi trudng hgp 1 thi tai tGi han
tang lén nhung trudng hgp 2 thi tai téi han giam xudng.
Diéu nay la do truong hop 1 lam dé ciing cla tam tang
[én con trudng hop 2 thi dé cliing cia tam gidm xudng khi
tham sé m tang lén.

7
A
6 //
5
=
4 e
A—a— —A—a/h=10
—t—a/h=15
3 —4—a/h=20
—p— a/h=25
2
1
m/’h
0
0 0.5 1 1.5 2

a) Trudng hgp 1
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4 ‘
y —b—a/h=10
\s H\‘ —+—2a/h=15|
= —4¢—a/h=20
m:‘ =—»>—a/h=25
3
25 \

2 N
1.5 \

Tl

4 4
N < < <t

> l .| <

p—
VA
Y a

0.5 m/h
0 0.5 1 1.5 2
b) Trudng hgp 2
Hinh 2. Tai t6i han cla tdm nano phu thudc vao chiéu day tam, b/a=1,
n=0,5
7
—b—b/a=0.9

—+—Db/a=1.5
6 ! —<¢—b/a=2.0
=—P—b/a=2.5

5 / '
mjAr—k" ’/{ A ;
e ad

/,‘//

3
m/h
2
0 0.5 1 1.5 2
a) Trudng hgp 1
47 T Al —a—D/2=0.9|
\ —+—b/a=1.5
3.5 —<4¢—b/a=2.0|]
- \ —>—b/a=2.5
~
3 ——e
2 5< D I ——
. [ \
1.5
\
1 m/’h b
0 0.5 1 1.5 2
b) Trudng hgp 2

Hinh 3. Tai t6i han ctia tdm nano phu thudc vao ty 1é chiéu dai hai canh
tdm, ath=10,n=0,5
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Dé xem xét anh hudng cla ty & chiéu dai hai canh
tam, thay d6i chiéu dai canh b sao cho ty 1é b/a téing dan
tir 0,9 dén 2,5, két qua tinh toan tai téi han dugc chira nhu
trén hinh 3. Khi ty lé chiéu dai hai canh tam tang Ién thi
tai tSi han clia tdm nano giam xuéng, diéu nay la do do
cling clia tdm nano giam xudng. Va khi ty & chiéu dai hai
canh tdm b/a bién déi tir 0,9 dén 1,5 thi tai téi han thay
déi nhiéu. Trudng hop ty 1& chiéu dai hai canh tam
b/a = 0,9 thi ti t6i han bién d6i manh nhat khi m thay di.
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Hinh 4. Tai t6i han cta tdm nano phu thudc vao n, a/h =10, a/b =1

Trén cac hinh 4, 5 thé hién sy phu thudc cua tai téi han
déi véi sé ma thé tich n va dé cling cia nén dan hoi, cac
két qua nay cho thay:

+ Khi tham s6 mi thé tich n tang 1&n, ham lugng kim
loai trong tadm tang lén, do d6 tadm tra lén mém hon, do do
tai téi han cia tdm nano gidm xuéng. Tuy nhién, mic d6
gidm cua tai t6i han thé hién ré nhat khi tham sé n bién doi
tUr 0 dén 2, khi n > 2 thi tai t&i han bién déi khong nhiéu.

+ Do cling clia nén dan héi cang I6n thi tai téi han cla
tdm nano cang tang lén, diéu nay la do tdm dugc bé sung
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thém nang lugng ti nén dan hoi, tic la do clng téng thé

cUa két cau tang Ién khi dé ciing nén tang, diéu nay cling

c6 nghia la kha nang chiu nhiét ctia tdm nano tét hon.
1.1
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Hinh 5. Téi t6i han cda tam nano phu thudc vao dd cling lﬂ ctia nén dan
héi, K, =5, alh=20,a/b=1, (1) tuong iing véi K, =0, (2) tuong ting véi
lﬂ =10, (3) tuong ting véi 171 =20, (4) tuong (ing véi lﬂ =30
5.KET LUAN

Bai bao trinh bay phuong phap giai tich dé phan tich
8n dinh nhiét ctia tdm nano lam bang vat liéu c6 co tinh
bién thién. Céng thuc tinh toan dugc xay dung dua trén
ly thuyét bién dang cat bac cao cai tién, su tin cay cta ly
thuyét tinh toan dugc kiém ching théng qua so sanh véi
cac két qua da cong bé. Qua cac két qua tinh toan, bai bao
nhan thay rang khi tang chiéu day va giam ty & chiéu dai
cac canh tam thi tai nhiét tGi han cia tdm nano tang Ién,
diéu nay la do tam tr& 1én cling hon. Va diéu dac biét la
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khi tdm cang day thi muic d6 anh hudng clia hiéu tng kich
thudc cang thé hién ré rét. Tham sé ty |é thé tich cda vat
liéu tang 1én lam gidm tai nhiét t6i han cta tam, tuc la
giam kha nang chiu nhiét ctia tdm nano. Nén dan hoilam
tang do clng téng thé clia tdm nano, do vay kha nang
chiu tai nhiét clia tdm nano cling tang lén. Day la co s&
khoa hoc quan trong dé tinh toan va thiét ké cac tam kich
thudc nano trong thuc té ky thuat.
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