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ABSTRACT

Reverse engineering (RE) has become a key technological solution in
modern product design and development, particularly for industries involving
complex free-form geometries such as automotive, aerospace, and mold
manufacturing. However, reconstructing free-form surfaces with high curvature,
complex boundaries, and stringent requirements on geometric smoothness and
optical surface quality remains a significant challenge in practical applications.
This paper proposes a novel method for high-curvature free-form surface
reconstruction from reverse engineering data by integrating curvature field
analysis with variational optimization. The proposed approach addresses three
major challenges: (1) optimal surface patch layout determination through
Gaussian curvature field analysis; (2) reconstruction of base curve networks with
an optimal balance between data fidelity and geometric smoothness using a
variational formulation; and (3) generation of the final surface using tensor-
product Bézier surface modeling with enforced G* continuity constraints. The
proposed method is validated using 3D scanned data of a complex automotive
surface, specifically a rear bumper of a Porsche Macan. Experimental results
demonstrate that the reconstructed surface exhibits superior geometric quality
and high technical accuracy, with a mean deviation of 0.087mm. Moreover, full
G continuity is consistently maintained across patch boundaries, resulting in
smooth curvature transitions and stable optical reflection behavior. These results
confirm the effectiveness of the proposed method for reconstructing complex
free-form surfaces that satisfy both stringent engineering accuracy requirements
and high aesthetic quality standards. Future research will focus on extending this
framework to surfaces with more complex topological structures and exploring
the integration of deep learning-based point cloud segmentation to further
automate the surface reconstruction pipeline.
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1. INTRODUCTION

In recent years, reverse engineering (RE) has become
an increasingly important approach in product research
and development, particularly for the geometric
reconstruction of components with complex shapes [1,
11]. However, the reconstruction of free-form surfaces
with stringent requirements on geometric quality and
continuity remains a significant challenge for existing
methods, especially in surface design applications
demanding high levels of geometric smoothness and
optical quality [2, 9].

One of the fundamental difficulties in free-form
surface reconstruction originates from the nature of the
input data. Data acquired from 3D scanning systems
typically exist in the form of discrete point clouds or
triangular meshes, which are inherently affected by
measurement noise and do not intrinsically possess
geometric continuity properties such as G°, G', or G* [1,
15, 16]. In contrast, these levels of geometric continuity
play a crucial role in the characterization and control of
high-quality free-form surfaces, particularly in Class-A
surface design [9, 10]. Consequently, direct fitting
methods based on raw scan data, if not accompanied by
appropriate smoothing mechanisms and curvature
control strategies, often lead to local curvature
oscillations and a degradation of the overall geometric
quality of the reconstructed surface [1, 51.

In addition to data-related issues, many existing
surface reconstruction workflows still rely heavily on the
subjective experience of designers. The determination of
patch layouts and surface structures is often performed
through manual operations or experience-based
heuristics, lacking clear quantitative criteria for
controlling curvature fields and higher-order surface
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derivatives [6, 7]. As a result, achieving second-order
geometric continuity (G?) across patch boundaries in a
consistent manner remains difficult, and in many cases,
only tangent continuity (G") is attained [3, 12].

Recent advances in differential geometry have
provided important theoretical foundations for
improving the geometric quality of reconstructed
surfaces. Tsuchie et al. [3] demonstrated that geodesics
and lines of curvature can be exploited as guiding
geometric features in surface reconstruction, thereby
enhancing geometric continuity and reducing
undesirable curvature fluctuations. In parallel, partial
differential equation (PDE)-based surface reconstruction
methods have shown strong potential for automating
surface smoothing while enabling the construction of G*
continuous surfaces under appropriate boundary
conditions, without excessively compromising adherence
to the input scan data [4, 17].

From an application perspective, several studies have
employed commercial and semi-automatic reverse
engineering platforms, such as Geomagic Design X and
Geomagic Studio, to reconstruct complex free-form
surfaces from 3D scan data [6, 7]. These workflows
facilitate efficient feature extraction and surface fitting, as
well as the creation of editable CAD models, and have
been successfully applied in styling design and clay
modeling practices [13, 14]. Nevertheless, such workflows
still largely depend on user interaction and lack tight
integration with quantitative geometric criteria,
particularly for global curvature continuity control. As a
consequence, G* continuity is often achieved only locally
rather than across the entire surface [6, 7].

Motivated by the above limitations, this study
proposes an integrated methodological framework that
combines differential geometry and variational
optimization to enhance geometric quality control in
reverse engineering. By exploiting the Gaussian
curvature field to assist in patch layout determination and
by formulating an energy function that balances data
fidelity and geometric smoothness (regularization), the
proposed approach aims to automate surface smoothing
and improve the robustness of achieving G continuity
across patch boundaries.

2. RESEARCH METHODS
2.1. Data Measurement and Acquisition

To evaluate the effectiveness and robustness of the
proposed surface reconstruction method based on
Gaussian curvature field analysis combined with
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variational optimization, an automotive rear bumper
component (Figure 1) was selected as the experimental
case study. This geometry is highly representative of
complex free-form surfaces, as it exhibits pronounced
curvature variations along both parametric directions,
the presence of sharp character lines with small radii of
curvature, and extensive transition regions that require
stringent control of higher-order geometric continuity.

-

| .

Figure 1. Photograph of the actual automotive rear bumper component

Data Acquisition and Preprocessing Workflow

The input data were acquired using a structured
white-light optical 3D scanning system with a spatial
resolution of 0.05mm and an accuracy of £0.03mm. The
physical dimensions of the scanned component are 647
X 963 x 647mm. To ensure comprehensive surface
coverage and data consistency, the scanning process was
performed on an automated rotary table under
controlled lighting conditions. The data acquisition and
preprocessing operations were carried out using
Creaform VXelements software for point cloud capture
and initial processing. Subsequent mesh repair, noise
filtering, and STL format conversion were performed
using Geomagic Design X (3D Systems).

The raw scanning data were subsequently subjected
to a standard preprocessing pipeline, including the
following steps:

Coarse noise removal: Elimination of outlier points
caused by light reflection artifacts and background noise.

Point cloud registration and merging: Alignment and
integration of multiple scans acquired from different
viewing angles into a unified global coordinate system.

Remeshing: Conversion of the merged point cloud
into a uniform polygonal (triangular) mesh structure.

As a result of this preprocessing workflow, a high-
quality triangular mesh satisfying the necessary
conditions for subsequent experimental analysis was
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obtained (Figure 2). The detailed scanning parameters
and mesh characteristics of the acquired dataset are
summarized in Table 1.

Table 1. Characteristic parameters of the scanned rear bumper dataset

Parameter Value
Number of vertices 60,660 (V)
Number of triangular faces 104,630 (F)
Data representation Discrete triangular mesh

Scanning method Structured-light optical 3D scanning

Scanning device (reaform HandySCAN 3D
Scan resolution 0.05mm

Scan accuracy +0.03mm

Bounding dimensions 647 X 963 X 647mm
Input file format STL

Noise characteristics

Local high-frequency noise

Figure 2. Point cloud data of the rear bumper component used as the
experimental case study

Figure 3. Zebra striping analysis on the preprocessed mesh data

The circled regions in Figure 3 illustrate the presence
of high-frequency noise and jagged artifacts, which
disrupt the geometric continuity of the surface. The
occurrence of such noise on a surface with highly varying
curvature provides a practical basis for evaluating the
proposed reconstruction algorithm.

One of the major challenges in this problem lies in
achieving an appropriate balance between noise
suppression and geometric fidelity. Conventional
smoothing techniques often result in over-smoothing,
leading to surface shrinkage or the loss of the designer’s
original intent.
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In contrast, the proposed variational optimization
approach guided by the Gaussian curvature field aims to
address these two competing objectives simultaneously:

Effective noise suppression: High-frequency ripples
and jagged artifacts are eliminated through surface
energy minimization, thereby ensuring improved
geometric continuity.

Preservation of the original data: By employing the
intrinsic curvature field as a control parameter, the
denoising process becomes directionally adaptive. This
allows the algorithm to selectively act on local deviations
without altering the global surface structure, ensuring
close adherence to the original point cloud, particularly in
regions of high curvature and along sharp character lines.

This curvature-guided denoising strategy constitutes
a key advantage of the proposed method, enabling an
optimal balance between aesthetic smoothness and
engineering accuracy, while preserving the mechanical
fidelity of the original physical component.

2.2, Data processing methodology

This section is restructured into three components:
(i) curvature field-based surface segmentation (Section
2.2.1); (ii) variational construction of base-curve networks
(Section 2.2.2); and (iii) primary and transition surface
construction via variational optimization (Sections 2.2.3 -
2.2.4).

2.2.1. Surface segmentation based on curvature
field

To support the surface segmentation stage in the
reconstruction process, this study employs fundamental
concepts from differential geometry to accurately
characterize the local curvature structure of the surface
[12].

Gauss map:

Foraregular surface S ¢ R3, the Gauss map is defined
as:

N:S - §2,p » n(p) (1)

which assigns to each point pon the surface a unit
normal vector on the unit sphere $2.

The differential of the Gauss map at point p,

ANy,: T, (S) = T, (S) )

is a self-adjoint linear operator that plays a central role
in describing the local curvature behavior of the surface.

Second fundamental form

The second fundamental form at point p is defined as:
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,(v) = —(de(v),v),v € T,,(S) (3)

which characterizes the extent to which the surface
deviates from its tangent plane along direction

Principal curvatures and principal directions

At each point p, there exists an orthonormal basis
{e,’ e,} such that:

dNy,(ey) = —kse,dNy(e;) = —kye, 4)

where k; and k, denote the maximum and minimum
principal curvatures at the given point, respectively. The
associated eigenvectors e; and e,, referred to as the
principal directions, characterize the dominant curvature
directions and serve as geometric guides in the surface
segmentation process.

Gaussian and mean curvatures

From the eigenvalues of the differential of the Gauss
map d Ny, two fundamental intrinsic geometric invariants
are defined:

K = det(dN,) = kk, (5)
K = det(dN,) = kqk, (6)

1 _ kytky
H= —Etracéde) ==

These quantities characterize the overall curvature
behavior of the surface and serve as key descriptors for

morphology-based surface segmentation.
Surface point classification based on gaussian curvature

The sign of the Gaussian curvature K allows the
geometric nature of each surface point to be classified as
follows:

Point Type Condition Geometric Characteristics
Locally convex or concave surface;

Elliptic K>0 principal curvatures have the same
sign (Figure 4a)
Saddle-shaped surface; principal

Hyperbolic K<0 curvatures have opposite signs
(Figure 4b)

Parabolic K ~0, Np =0 One .principal c.urvature is
approximately zero (Figure 4c)

A

\\ |

v

a) positive b) negative
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C) zero
Figure 4. Types of Gaussian Curvatures a) positive, b) negative and c) zero

2.2.2. Geometric continuity and variational
construction of base-curve networks

In computational geometric design and free-form
surface reconstruction from scanned data, geometric
continuity plays a pivotal role in ensuring geometric
smoothness, curvature-field stability, and optical
consistency at junctions between curves and surface
patches [9]. These continuity levels describe the
compatibility of positional, tangential, and curvature-
related properties, and they directly affect the overall
geometric quality of the reconstructed surface.

a) Geometric continuity of curves

In this study, C'and CZcontinuity conditions are
enforced through linear constraints on Bézier control
points, following standard formulations in parametric
curve design.

Given two parametric curves C;(t) and C,(t),
geometric continuity is defined at four levels as follows:

GO (Point Continuity): The two curves meet at a
common point. Their positions coincide, but their
tangent directions may be discontinuous.

C1(ty) = C,(t2) (8)
G1 (Tangent Continuity): The curves share a common

point and have aligned tangent directions at the junction,
producing a visually smoother transition than G°.

C1(t) I G3(t2) ©)

G2 (Curvature Continuity): In addition to position and
tangent continuity, the two curves also share identical
curvature at the junction point, resulting in a highly
smooth transition without abrupt curvature changes. The
four levels of geometric continuity described above are
illustrated in Figure 5.

C1' (t1) Il C2' (t2) (10)

For curves composed of multiple segments,
geometric continuity at junction points is mandatory to
ensure smooth transitions. Specifically, two curve
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segments P[ty,t;] and Q[t;,t,] are said to be C*-
continuous (parametric continuity of order k) at the
junction t; if the following conditions are satisfied [9]:

P(ty) = Q(t1), P'(t1) = Q'(t1), v

PE(t) = Q(ty) (11)

where P%)(t,) denotes the k-th derivative of curve P
at t;. These derivatives must coincide in both magnitude
and direction.

Curve being matched Curve being modified
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Figure 5. Levels of geometric continuity for curves

b) Base-curve network for high-quality surface
reconstruction

In high-quality surface design, the base-curve
network serves as the geometric backbone governing the
topological structure and overall surface quality. An
inadequately controlled curve network may lead to patch
distortion, loss of geometric continuity at patch
boundaries, and optical artifacts in reflective regions.

Inspired by Tsuchie’'s methodology exploiting
geodesic flows and lines of curvature in surface
reconstruction [3], this study develops a two-stage
procedure for base-curve network construction:

Extraction of coarse boundary curves from scanned
data.

Reconstruction of Bézier curves using a variational
optimization framework with differential-geometric
constraints, ensuring smoothness and curvature
alignment with the intrinsic surface structure.

Vol. 62 - No. 5 (May 2026)

The extracted raw curves often contain high-
frequency “saw-tooth” noise. To restore Class-A quality
curves, a variational optimization model is applied, in
which each Bézier curve C(t)is constrained to follow two
fundamental surface-flow principles [3].

Principle P1 - Geodesic approximation constraint (®):

The curve is treated as an “ideal measuring curve” that
follows the shortest path on the surface, minimizing
bending energy:

O(C(1)) = —TH ==~ 0

(12)

where [Fdenotes the Christoffel symbols of the
second kind. This constraint limits lateral deviation and
encourages the curve to adhere to the global surface

shape.

Principle P2 - Line-of-curvature approximation

constraint (V)

To reduce intrinsic torsion and ensure alignment with
the natural curvature directions of the surface, the
following constraint is imposed:

Y(c(t)) = (FN — GM) dt? ~ 0 (13)

where (E'F'G) and (L M>N) are the coefficients of
the first and second fundamental forms, respectively.

Together, constraints ® and ¥ form a geometric
backbone, ensuring that curves follow the curvature flow
of the surface and thereby reducing distortion during
subsequent surface construction.

Optimal  Energy Functional for Bézier Curve

Reconstruction:
Each bézier curve C(t)is determined by minimizing
the following energy functional:

M N
J =6 ) NCE) = QP+ Y 1L(O) P
=1 k=1
+é; 221:1 | @(C) 1> + €3 Zzﬂ | ¥(C) I? (14)
where:

- Fitting Accuracy (gy) preserves the global shape
derived from scanned data

- Fairing Term (g;) controls second-order curvature
variation via the operator L(C), ensuring monotonic
curvature combs - a key criterion for Class-A curves

- Geodesic and Line-of-Curvature Constraints (&, €3)
maintain curvature direction consistency and geometric
harmony
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The resulting constrained least-squares optimization
yields Bézier control points that define geometrically
stable curves suitable for the subsequent variational
surface reconstruction stage, without imposing explicit
industrial styling heuristics.

2.2.3. Primary surface creation

After establishing the topological wireframe from
geometric segmentation, the next stage involves
constructing primary surface patches, which serve as
foundational geometric domains for continuous surface
reconstruction. The objective of this stage is to generate

surface regions with stable mathematical
representations, sufficient smoothness order, and
controllable geometric degrees of freedom for

subsequent optimization.

Tensor-product bézier surface representation

Each surface patch S;is defined as a two-parameter
mapping:

S;:[0,1]% = R3,

bounded by four boundary curves {c, c, c. cy4}
(Figure 6):

S](ul 0) = Ca(u)l S](ul 1) = Cb(u)

5i(0,v) = c.(v),5;(1,v) = cg(v) (16)

To ensure geometric stability and differential
controllability, a tensor-product Bézier representation of
degree (p’ q) is employed (Figure 7):

S; (u,v) = an=0 ZZ:O P B,f,’qL (w). B,f (v) 17)

where P, , denotes the control-point grid and B} ()
are Bernstein polynomials. The control-point lattice P, ,,

acts as the optimization variable, directly governing the
surface geometry and curvature characteristics (Figure 7).

(15)

h

0 u
2D UV Domain

3D Surface Patch

Figure 6. Parametric mapping from the (u’v)domain to 3D space,
bounded by boundary curves
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Control points

Control net

Bézier surface )

Figure 7. Tensor-product Bézier surface controlled by the control-point
network Ppp

Initialization of the Control Mesh Using Coons
Interpolation

The initialization stage plays a critical role in avoiding
poor local minima and accelerating convergence of the
optimization process. A two-level strategy is adopted: The
resulting initialized control mesh is illustrated in Figure 8.

(1) Boundary control point initialization. The boundary
rows and columns of control points {Pm,or Pnq’ Pon’ p,n}
are assigned by uniformly sampling the corresponding
boundary curves in the parametric domain. This ensures
strict C°geometric compatibility between adjacent
surface patches from the very beginning of the process.

(2) Interior control point interpolation via bilinear
Coons formulation. Interior control points B, (with
0<m<p 0<n<gq) are interpolated wusing a
simplified Coons bilinear scheme:

Pm,n = (1 - vn)Pm,O + 17an,q + (1 - um)PO,n

bilinear
+umbByn — Pnn

(18)

where PSilinear rapresents the bilinear correction term
that removes duplicated corner contributions. This
procedure yields a well-formed control mesh with a
reasonable curvature distribution, providing a stable

starting point for subsequent variational optimization.

Figure 8. Control mesh initialized using Coons interpolation: boundary
control points (red) are fixed, interior points (yellow) are bilinearly interpolated
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Multi-objective variational optimization

Although the initialized surface is sufficiently smooth,
its geometric fidelity to the scanned data is not yet
guaranteed. Therefore, the control mesh is refined by
minimizing composite energy functional [4, 51:

E(P) = aEg + BEsmooth

where:

(19)

Data fitting energy:
Ege = ), @i || S, vi) — Dy 117 (20)

This term penalizes the deviation between the surface
and the scanned data points {D, }, with adaptive weights
wy, emphasizing geometrically significant regions.

Thin-plate smoothing energy:
Eqmooth = [Jq (I Sy 124 2 11 Sy 12 +11 Sy, 12) dudv 21)

This regularization term suppresses high-frequency
oscillations and drives the surface toward a minimum
bending-energy state - an essential characteristic of
Class-A surfaces.

Optimization algorithm. A flowchart illustrating the
complete iterative algorithm including initialization via
Coons interpolation, L-BFGS wupdate steps, and
convergence checking criteria should be added here to
enhance the reproducibility and clarity of the proposed
methodology.

The problem:

min E(P) (22)

is convex with respect to the control points when the
parameters (uy’ vy )are fixed. The L-BFGS algorithm is
employed due to its fast convergence and low memory
requirements.

2.2.4. Transition surface construction and geometric
continuity constraints

Surface continuity levels

For two parametric surfaces S;(u,v) and S,(u,v)
sharing a common boundary, three commonly used
continuity levels are defined [9]:

GO (Position continuity): The surfaces meet at the
boundary with coincident positions only, resulting in a
sharp edge or corner (Figure 9).

G1 (Tangent continuity): Both position and tangent
directions are continuous across the boundary. The
transition appears visually smooth, although reflection
analysis may still reveal a seem (Figure 10).

G2 (Curvature continuity): Position, tangents, and
curvature are all continuous across the boundary,

Vol. 62 - No. 5 (May 2026)

remains
inspection

producing a seamless transition that
indistinguishable even under reflection
(Figure 11).

Similar to curve design, G2 continuity is mandatory for
visible surfaces in automotive and high-end consumer
products, as it guarantees uninterrupted light reflection
and superior optical quality.

discontinuity

Figure 9. lllustration of GO continuity between two surfaces (left) and
reflection inspection using Zebra analysis (right)
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Figure 10. Illustration of G1 continuity between two surfaces (left) and
reflection inspection using Zebra analysis (right)
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—

Figure 11. Illustration of G2 continuity between two surfaces (left) and
reflection inspection using Zebra analysis (right)

G?boundary continuity conditions

Consider a transition surface S, (u, v) smoothly joined
to a primary surface S;(u,v) along the common
boundary u = 0. Second-order geometric continuity (G?)

174 | HaUl Journal of Science and Technology

requires not only positional and tangent continuity but
also full compatibility of the normal curvature and the
variation of surface normals along the shared boundary.

The G* continuity condition can be formalized
through the following partial derivative relationship:

2 2

T = a) (S + fW) T2+ Y (v) 2 23)

where the scalar functions a(v), f(v), and y(v)
regulate the parametric scaling and the normal
orientation along the joining boundary. These functions
play a critical role in enforcing both first-order (G') and
second-order (G?) geometric continuity between the
transition surface and the primary surface.

By satisfying these constraints, the surface connection
avoids common Class-A defects such as reflection breaks,
torsional distortions, and abrupt variations in the
curvature field artifacts that are particularly visible under
highlight line or zebra analysis. During optimization, the
second and third rows of control points are allowed to
move freely to satisfy the G* conditions, while the
boundary control points are directly constrained to the
primary surface S; to preserve geometric stability. The
optimization framework is therefore designed to
simultaneously minimize fitting error with respect to the
scanned data and enforce G continuity, resulting in a
transition surface that is both geometrically accurate and
optically smooth.

Optimization functional

To ensure both (i) data fidelity and (ii) G> geometric
continuity, the following objective functional is
minimized:

](Strans) =w fj I Strans(u: V) — Dscan (u,v) I dudv
Q

+w, fr Il k,(s) — K, (s) II? ds (24)

where w; and w, are weighting coefficients balancing
the trade-off between data fitting accuracy and curvature
smoothness. Here, Q0 denotes the scanned data domain,
['represents the shared boundary between the two
surfaces, and x; and i, are the normal curvatures of the
primary and transition surfaces evaluated along T,
respectively.

The optimization is performed iteratively using a
gradient descent scheme, in which the Bézier control
points P; jare updated as:

(k+1) _ pl) _ . 0]
By =8 —n ar, (25)
where 7 is the learning rate and ;T] denotes the

ij
gradient of the objective functional with respect to the
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P-ISSN 1859-3585 | E-ISSN 2615-9619 | https://jst-haui.vn

SCIENCE - TECHNOLOGY

control point P; ; These gradients are computed using the
partial derivatives of the Bézier surface:

Z—Z = Zpijddlj:n jm(v)'g = Zpijd;len B*(v) (26)

The iterative process terminates when both
convergence criteria are satisfied:

Ik, — 1y I<evall AP lI< T (27)

Indicating that curvature mismatch along the
boundary and control point displacement have fallen
below predefined thresholds. At this stage, the transition
surface is considered converged and meets the required
geometric and optical quality.

3. RESULTS AND DISCUSSION

3.1. Patch layout derived from gaussian curvature
field analysis

In the early stage of the surface reconstruction
pipeline, establishing an appropriate patch layout is a
critical preprocessing step aimed at decomposing the
geometry into subregions exhibiting homogeneous
geometric behavior. Unlike conventional workflows that
rely heavily on subjective designer experience, this study
constructs the patch layout through a quantitative
procedure grounded in differential geometry theory and
the morphological characteristics of the automotive rear
bumper geometry (Figure 12).

3D scan

\ 0 S |:>
\ Jmmlysis

Figure 12. Gaussian curvature analysis for surface reconstruction of the
rear bumper from 3D scanned data

Based on the Gaussian curvature K and mean
curvature values computed at each surface point, a
curvature feature space is established. This feature space
directly reflects the intrinsic morphological regions of the
surface, including elliptic, hyperbolic, parabolic, and near-
planar areas. These curvature regimes represent
fundamental geometric behaviors commonly observed
in complex free-form surfaces and can be systematically
classified according to the sign and magnitude of the
curvature measures [3, 12]. Rather than redefining
geometric concepts, the proposed approach directly
leverages this curvature feature space to guide the
surface partitioning process.

Vol. 62 - No. 5 (May 2026)

The surface is subsequently segmented using
unsupervised clustering algorithms operating in the
curvature feature space, such as k-means, mean shift, or
spectral clustering. Importantly, the clustering is
performed not on pure geometric coordinates but on
curvature similarity, enabling the grouping of points with
consistent geometric behavior. Each resulting cluster is
treated as a candidate region for Bézier patch
construction: elliptic clusters (K >0) correspond to
locally convex or concave stable regions; hyperbolic
clusters (K < 0) identify transition areas with saddle-like
behavior; while parabolic (K = 0) or near-planar clusters
provide suitable domains for patches with simpler
geometric structure.

Hyperbolic regions
(K =—0.08 to —0.02)
in transition areas

Parabolic zones
(K ~0.001)
on the lateral flanks

Elliptic zones
(K =0.05-0.15)
at the rounded corners

Figure 13. Gaussian curvature distribution and corresponding surface
segmentation results

Figure 13 illustrates the Gaussian curvature
distribution and the resulting segmentation. Defining the
patch layout in this curvature-driven manner allows
patch boundaries to align naturally with the intrinsic
morphological transitions of the surface. This significantly
facilitates subsequent Bézier fitting and optimization
stages while reducing the risk of curvature discontinuities
and visual artifacts along patch boundaries.

3.2. Evaluation of curve reconstruction efficienc

From each sectional curve directly extracted from the
scanned data which is inherently affected by
measurement noise and exhibits significant fluctuations
in the curvature field the proposed variational
optimization framework enables the transformation of
the initial raw curve into a set of geometrically stable
single Bézier segments. After optimization, the curve is
represented by a sequence of low-degree Bézier
segments, in which curvature varies smoothly and
continuously along the entire arc length, while high-
frequency oscillations are effectively suppressed.
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High-frequency
oscillations

Very smooth
curvgture

4

Figure 14. Influence of high-frequency curvature oscillations on surface
smoothness

A clear difference in surface quality can be readily
observed through zebra reflection analysis. As shown in
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Figure 14(a), the surface generated from curves
containing a high level of noise exhibits poor visual
quality. This is manifested by distorted regions and
irregular zebra flow patterns. In contrast, Figure 14(b)
illustrates a surface characterized by a smooth curvature
field, where the zebra stripes are continuous, uniformly
distributed, and transition smoothly across the surface,
resulting in a visually pleasing appearance.

This comparison highlights the critical role of
curvature stability in surface reconstruction and
demonstrates the advantage of employing Bézier curves
in reverse engineering tasks that impose stringent
aesthetic requirements.

Bézier curve representation and continuity conditions

In this study, the reconstructed curves are represented
using fifth-degree Bézier curves, as illustrated in Figure
15. A quintic Bézier curve is defined as (28):

5
C® = ) P BI®)
i=0

5
=) (a-orinceo] (28)
i=0

Curve joining and parametric continuity

In this work, two consecutive curve segments P[t,, t4]
and Q[t;, t,], extracted from longitudinal sectional data
of the rear bumper (Figure 12), are considered. These
curves are first constructed to satisfy at least C°
parametric continuity by enforcing coincidence of the
terminal control point of the first curve and the initial
control point of the second curve, i.e, py = p5.

Figure 15. Two Bézier curve segments joined with parametric continuity

The two curves P[ty, t;] and Q[ty,t,] achieve C!
continuity at the junction point p, = p if the following
condition is satisfied (29):

3 3
ot (p7 —pe) = rare (p1 — po) (29)

This condition enforces equality of the first-order
derivatives (tangent vectors) at the junction, both in
direction and magnitude.
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Finally, the curve pair satisfies G2 continuity if G?
continuity is achieved and the second-order derivatives
are also matched (30):

6 3
ot? (p7 — 2ps + ps) = rare (1 — Po) (30)
These continuity constraints are incorporated directly
into the Lagrangian formulation or enforced as linear

constraints within the optimization problem.

Curve 1

Curve 2

Figure 16. Bézier curves satisfying G* continuity

Figure 16 presents the curvature comb representation
of the connected Bézier curve segments. The curvature
combs are continuous and uniformly distributed along
each segment, indicating smooth and stable curvature
variation without localized oscillations caused by
measurement noise. At the junctions between
consecutive segments, no discontinuities or abrupt
curvature changes are observed, confirming that high-
order geometric continuity has been successfully
maintained.

These results validate the effectiveness of the
proposed approach in smoothing the initial noisy curves
and establishing a reliable foundation for subsequent
surface reconstruction.

Scanned Data

Bézier
curves

Figure 17. Reconstructed base-curve network derived from scanned data

Starting from the original scanned data, the proposed
method identifies a complete set of Bézier curves required
for surface generation, consisting of nine individual Bézier
curves and one composite curve formed by connecting
multiple Bézier segments (Figure 17). This base-curve
network serves as the geometric backbone for the
subsequent surface construction process.

Vol. 62 - No. 5 (May 2026)

3.3. Surface assessment

Based on the constructed network of Bézier curves,
Bézier surface patches are generated through
interpolation and blending between the boundary
curves. Each patch is represented by a 5 x 5 control point
grid, corresponding to a biquartic Bézier surface defined
in both parametric directions. This representation
provides sufficient degrees of freedom to accurately
control the surface shape and the curvature distribution
within each local region, while ensuring that the
reconstructed surface directly inherits the geometric
trends of the underlying curve network, particularly in
transition areas with small radii of curvature.

The effectiveness of the optimization stage is
evaluated using distance deviation maps between the
reconstructed tensor-product Bézier surface and the
original scanned data, as illustrated in Figures 18 and 19.
Prior to optimization, the deviation distribution reveals
several regions with errors exceeding £0.15mm, which
are mainly concentrated in areas characterized by high
curvature fields and geometrically complex transitions.
After applying the proposed optimization procedure, the
deviation distribution is significantly improved: the
proportion of surface area with deviations smaller than
+0.15mm increases markedly, while regions with larger
deviations are reduced and become more uniformly
distributed across the entire surface. These results
demonstrate that the optimization step plays a crucial
role in enhancing the geometric fidelity between the
reconstructed surface and the original scan data.

Deviation
> 0.15mm (70%)

Deviation
< 0.15mm (30%)

Before optimization

Deviation
< 0.15mm (60%)

Deviation
> 0.15mm (40%)

After optimization
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Deviation

Figure 18. Post-optimization reconstruction result illustrating a close
geometric agreement between the Bézier surface and the scanned data. The
deviation map highlights regions of low error in green

(b)
Figure 19. Error distribution between the reconstructed surface (b) and
the original scanned data (a)

Table 2. Quantitative evaluation of surface fitting accuracy after Bézier
reconstruction

Evaluation | Quantitative | Acceptance .
. . Conclusion
Parameter Metric Criterion
Root Mean
Satisfies technical
Square (RMS) 0.087mm <0.2mm )
accuracy requirements
Error
Maxi Within the allowabl
ax.|m.um 0.18mm <0.2mm iin the allowable
Deviation tolerance range
~ 950 of Demonstrate.s high
Error Coverage <0.15mm global fitting
surface area )
consistency

The quantitative indicators reported in Table 2
demonstrate that the reconstructed surface achieves
high geometric accuracy. The RMS error is 0.087mm, and
the maximum deviation is 0.18 mm, both of which fall
within  the targeted manufacturing tolerance.
Furthermore, approximately 95% of the surface area
satisfies | § 1< 0.15mm,  confirming that the
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reconstructed surface exhibits globally uniform and
stable accuracy.

Qualitative evaluation. The aesthetic quality of the
reconstructed surface is assessed by comparing the
highlight flow between the original scanned data and the
optimized surface. Figure 19 illustrates this comparison
using Zebra analysis, which provides a visual assessment
of surface smoothness and continuity.

Figure 20. Comparison of the highline between the scanned data (a) and
the reconstructed surface model (b) using Zebra analysis

Qualitative evaluation: The aesthetic quality of the
reconstructed surface was assessed by comparing the
highlight flow between the original scanned data and the
optimized surface model. Figure 20 illustrates this
comparison using Zebra analysis.

The Zebra analysis results in Figure 20 indicate:

Elimination of geometric defects: The reflection
stripes on the raw scanned surface (Figure 20a) exhibit
noticeable wrinkling and high-frequency oscillations
caused by measurement noise. After variational
optimization, these artifacts are completely removed,
demonstrating that the reconstructed surface achieves a
high level of optical smoothness.

Preservation of G’ continuity: The reconstructed
surface (Figure 20b) shows continuous and smoothly
flowing Zebra stripes across patch boundaries,
particularly in transition regions. This confirms that
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curvature continuity constraints (G°) are successfully
enforced, ensuring smooth curvature variation and
visually seamless surface transitions.

4. CONCLUSIONS

This study successfully developed an effective
methodology for reconstructing high-curvature free-
form surfaces from reverse engineering data. The
proposed approach integrates curvature field analysis for
objective morphological segmentation with variational
optimization to tightly control both geometric accuracy
and surface smoothness.

Specifically, the use of the Gaussian curvature field as
the basis for automatic surface partitioning eliminates
reliance on subjective, experience-based decisions.
Meanwhile, the multi-objective variational formulation
enables simultaneous optimization of data fitting
accuracy and high-order geometric continuity (G?).
Experimental results demonstrate low reconstruction
errors and uniform surface quality, confirming the
robustness and effectiveness of the proposed method.
Quantitatively, the method achieves an RMS error of
0.087mm and a maximum surface deviation of 0.18mm -
both within the manufacturing tolerance of 0.2mm - with
approximately 95% of the surface area exhibiting
deviations below 0.15mm, demonstrating globally
consistent and high-fidelity reconstruction performance.

Overall, the presented approach provides a systematic
and highly automated framework for reconstructing
complex free-form surfaces, meeting stringent
engineering accuracy requirements while ensuring
smooth and visually consistent surface behavior suitable
for high-quality industrial applications.

However, the current study has several limitations that
should be acknowledged. First, the proposed method
was validated on a single automotive component (a rear
bumper), and its generalizability to surfaces with more
complex topological structures (e.g., multi-genus
surfaces or surfaces with holes) has not yet been verified.
Second, the computational cost of the variational
optimization scales with mesh density, which may limit
real-time applicability for large-scale datasets. Future
research directions include: (i) extending the framework
to handle multi-patch surfaces with arbitrary topology;
(i) incorporating deep learning-based point cloud
segmentation to further automate patch layout
determination; and (iii) investigating GPU-accelerated
implementations to improve computational efficiency for
industrial-scale applications.
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