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ABSTRACT 

Functionally graded material (FGM) are widely employed in the fields of 
construction, transportation, and national defense structures. Using an 
enhanced beam theory, this study examines the static bending response of a 
beam rotating about a fixed axis, in which the beam is only partially supported 
by an elastic foundation. The beam consists of three layers of materials: the 
two surface layers are made of functionally graded materials whose properties 
vary according to an exponential law, while the core layer is ceramic. The 
formulations are developed using the finite element approach without the 
need for any shear correction factors, highlighting the advantages of the 
adopted theoretical approach. After verifying the reliability of the method, the 
paper examines the effects of several specific parameters on the static 
bending response of the beam, particularly the thickness ratios of the layers, 
rotational speed, material composition ratio, and the distance between the 
axis of rotation and the beam. The findings provide significant scientific and 
practical insights for rotating beam-type structures. 
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1. INTRODUCTION  

A novel class of composite materials, known as 
functionally graded materials (FGMs), is composed of two 
or more distinct constituents most commonly a ceramic–
metal combination in which the material properties vary 
continuously along a specific direction. Owing to the 
presence of the ceramic phase, FGM-based structures 
exhibit excellent thermal resistance and are therefore 
well suited for applications under thermally influenced 
operating conditions. Consequently, the mechanical 
response of structures fabricated from these materials, 

particularly FGM beams, has attracted considerable 
attention from researchers worldwide [1-5]. In addition, in 
engineering practice, various components such as 
turbine blades, propellers for aircraft, and similar 
elements can be modeled as beam-like structures 
undergoing rotational motion. Several representative 
studies concerning such rotating structural systems can 
be cited as follows. Gunjal and Dixit [6] examined 
vibration mitigation in rotating beams through shape 
optimization, formulating the beam model using the 
finite element method and performing the optimization 
using a sequential quadratic programming approach. 
Pradhan and Murmu [7] investigated the mechanical 
response of a rotating nanobeam by adopting Eringen’s 
nonlocal elasticity theory within a single nonlocal beam 
framework, with the differential quadrature method 
employed for the numerical analysis. Li and colleagues [8] 
the free-vibration characteristics of a rotating functionally 
graded (FGM) beam using a dynamic formulation that 
accounts for the coupled effects of bending and axial 
stretching. Amir et al. [9] analyzed the lead-lag vibration 
response of rotating microbeams by integrating Euler-
Bernoulli and Timoshenko beam formulations with the 
finite element approach. Jung-Woo and Jung-Youn [10] 
studied the effect of cracks on the natural frequencies of 
a rotating Euler-Bernoulli beam using a novel numerical 
scheme, in which the crack-induced changes were 
efficiently assessed via the transfer matrix method. Das 
[11] employed the Ritz method, within a Timoshenko-
beam framework, to investigate the in-plane and out-of-
plane responses of a rotating FGM beam, while 
incorporating the effects of Coriolis acceleration. Xu et al. 
[12] investigated the dynamic response and vibration 
attenuation of a rotating beam under magnetic 
excitation, deriving the governing equations via 
Hamilton’s principle and implementing the Galerkin 
method for the solution. Alireza and Cai [13] performed a 
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free-vibration analysis of a rotating beam within the 
framework of Eringen’s nonlocal elasticity theory. Liang 
and co-workers [14] addressed vibration suppression in a 
rotating piezoelectric FGM beam under thermal 
conditions by employing a higher-order, fully coupled 
modeling formulation. Dejin et al. [15] introduced a 
combined model coupling Timoshenko beam kinematics 
with a modified couple stress theory to characterize the 
free-vibration behavior of rotating multilayer composite 
microbeams, including the influence of geometric 
imperfections.  

Based on the existing studies, it can be observed that 
no research has yet focused on the bending responses of 
rotating FGM sandwich beams resting on elastic 
foundations. Therefore, this paper aims to investigate the 
static bending response of such beams by integrating the 
finite element approach with a newly developed beam 
theory. This theory is straightforward and enables the 
formulation of strain-stress relationships without the 
need for any shear correction parameters, while still 
accurately capturing the relevant mechanical behavior.  

2. COMPUTATIONAL MODEL AND CALCULATION 
FORMULA 

Consider a beam with the configuration shown in  
Fig. 1, rotating about a fixed axis with an angular velocity 
of Ω. The distance from the beam’s tip to the axis of 
rotation is rt. The beam is partially supported by an elastic 
foundation, characterized by two foundation parameters, 
kw and ks, with the length of the supported portion 
denoted as an. The beam has a total length L, a cross-
section of height h, and width b. 

 
(a) Three-dimensional model 

 
(b) The volume fraction Vc distribution along the thickness 

Figure 1. A beam undergoing rotation about a fixed axis 

The beam is subjected to a uniformly distributed load. 
To establish the governing equations, the present study 
employs an improved higher-order shear deformation 
theory, according to which the displacement field at an 
arbitrary point: 
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indicates that the beam’s shear deformation is taken into 
account while still satisfying the boundary condition of 
vanishing transverse shear stresses at the beam surfaces. 
This represents a distinct advantage of the beam theory 
employing k(z) over the classical beam theory and the 
first-order shear deformation beam theory. 

Strain field of the sandwich beam: 
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The normal stresses σxx corresponding to the 
mechanical strains, as well as the shear stresses τxz: 
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in which the beam material is specified by the 
following expressions [1]: 
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with the relationship between the ceramic and metal 
volume fractions given by  

( ) ( )
m c+ =1i iV V  (6)

The volumetric fraction of the ceramic can be 
described by various functional laws; however, the 
power-law formulation is the most widely used [1, 3-5]. 
Therefore, this work also adopts this formulation for the 
surface layer [1]: 
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where n0 is the material volume exponent, and the 
variation of the ceramic volume fraction in each material 
layer is illustrated in Fig. 1b. 

Virtual work of the sandwich beam: 
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Virtual work of the forces interacting with the elastic 
foundation: 
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where kw and ks represent the two foundation stiffness 
parameters. 

For a beam undergoing rotation, the work of the 
inertial forces generated by the rotational motion on the 
beam can be expressed as [15]:  
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where the centrifugal force Fω is given by [15]: 
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At this stage, the work performed by the external load 
on the beam is expressed as follows: 
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 In order to obtain the equilibrium equations, the 
principle of virtual work is applied to the FGM beam: 

0forced beam found roδ δ δ δ       (13)

For the analysis, a two-node beam element is employed, 
with four degrees of freedom assigned to each node: 
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And, in this case, the Lagrange (Ni) and Hermite (Hi) 
interpolation functions for the displacement 
components take the following forms 
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And: 
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Strain components are evaluated in terms of the nodal 
displacements as: 
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The expression for the work done of the beam 
element is given by: 
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where the stiffness matrix of the beam element has 
the form: 
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The computation of the beam element stiffness matrix 
as given in Eq. (19) does not require reduced integration 
or any shear correction factor. This is because the 
contribution of shear deformation is fully represented, 
thereby preventing shear locking, unlike in the 
Timoshenko beam theory. This feature also constitutes an 
advantage of the shear-deformation theory expressed in 
Eq. (1).  

The work done of the centrifugal inertial force and the 
elastic foundation can be expressed as: 
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 The work of the external forces: 
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Inserting expressions (15) - (17) into equation (10) 
yields the static equilibrium equation of the beam 
rotating about a fixed axis as: 
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By solving equation (22), the displacements of the 
bending beam are obtained. Modifications in foundation 
characteristics, rotation speed, or the distance rt to the 
axis of rotation alter the stiffness matrices on the left-
hand side, thereby affecting the beam’s response. 

3. VERIFICATION STUDY 

This example investigates the bending behavior of a 
simply supported (S-S) beam. L =16h, E = 70GPa,   = 0.3. 
The beam is loaded by a uniformly distributed transverse 
load denoted as P0, The deflection at the midspan of the 
beam is evaluated according to the following formula 
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 (with I0 = bh3/12). Table 1 presents the 

midspan deflections obtained in the present study and 
those derived from the Ritz approach [16], in which an 
incrementally refined mesh is employed in this example. 
The computational results indicate that a 12-element 
mesh provides the required accuracy. Accordingly, this 
mesh configuration is adopted for the subsequent 
analyses.   

Table 1. The convergence of the solution and the comparison of the 
midspan deflection of the beam subjected to a uniformly load, L = 16h, S-S  
(* elements) 

Present Ritz approach 
[16] 8* 9* 10* 12* 14* 

1.0094 1.0094 1.0094 1.0094 1.0094 1.0097 
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  The beam is simply supported at both ends and rests 
on an elastic foundation characterized by two stiffness 
coefficients. The beam has a length L and a cross-section 
of thickness h, with the foundation’s stiffness parameters 

denoted as 
4

^ w
w

k L
K

EI
  and 

2
^ s
s

k L
K

EI
  (with I = bh3/12). The 

beam is loaded by a uniformly distributed transverse load 
with a magnitude of P0. Table 2 presents the midspan 

deflections *
3 3max4

0

EI
u u

P L
  obtained in the present study, 

alongside those computed using the Differential 
Quadrature Method (DQM) [17] and the exact solutions 
[18]. 

Table 2. Comparison of the midspan deflections for a beam subjected to a 
uniformly distributed load and for a beam, L = 120h, S-S 

Foundation 
parameters 

Midspan deflections 

^
wK  ^

sK  DQM [17] Exact [18] Present 

0 

0 1.302290 1.3033 1.301692 

10 0.644827 0.6457 0.644679 

25 0.366111 0.3671 0.366063 

10 

0 1.180567 1.1814 1.180075 

10 0.613325 0.6141 0.613192 

25 0.355668 0.3566 0.355622 

100 

0 0.640074 0.6403 0.639927 

10 0.425582 0.4261 0.425517 

25 0.282846 0.2836 0.282817 

4. NUMERICAL RESULTS AND THEIR DISCUSSION 

This section presents the computational results for the 
bending deflection of a sandwich beam rotating about a 
fixed axis. The thickness ratios of the layers are denoted 
as 2-1-2, 1-1-1, 1-2-1, and 1-8-1. For the 2-1-2 
configuration, this notation indicates that the two surface 
layers have equal thicknesses and that each surface layer 
is twice as thick as the core layer; the other notations are 
interpreted in the same manner. 

The nondimensional parameters are defined as 
follows: 

3

3max4
0

c
w

E h
R u

P L
 ; 

4
*

0

w
w

k L
K

T
 ; 

2
*

0

s
s

k L
K

T
 ; * 2

2
m

ρ
L ω

E h



 ; 

3

0
cE h

T 


 

(23)

Figs. 2, 3 illustrate the variation of the beam deflection 
as the thickness ratios of the layers change. These results 
indicate that: 

- As the core thickness increases, the beam becomes 
stiffer due to the higher proportion of ceramic material, 
which in turn leads to a reduction in the beam’s 
deflection. 

- For a simply supported beam, due to the combined 
effects of the elastic foundation and rotational speed, the 
maximum deflection does not occur at the midspan. 
Instead, the location of the maximum deflection shifts 
toward the right.  

- For a cantilever beam with one fixed end and one 
free end, the maximum deflection occurs at the free end. 
Moreover, as the distance from the beam axis to the 
rotation axis increases, the maximum deflection of the 
beam decreases. 

 
(a) rt/L = 0.5 

 
(b) rt/L = 1 

Figure 2. The variation of the deflection with respect to the layer thickness 

ratios is analyzed for a beam simply supported at both ends, S-S, ^
wK = 300, 

*
sK = 30, Ω* = 20, an/L = 0.25 
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(a) rt/L = 0.5 

 
(b)  rt/L = 1 

Figure 3. Dependence of the beam deflection on the layer thickness ratios, 
C-F, ^

wK = 300, *
sK = 30, Ω* = 20, an/L = 0.25 

The distance from the rotation axis to the beam, 
denoted as rt, is varied from 0 to 2L. The computed 
deflection profiles along the beam are presented in Fig. 4. 
The results show that increasing rt leads to a reduction in 
the beam’s maximum deflection. The maximum 
deflection of the clamped–clamped (C-C) beam is 
significantly smaller than that of the simply supported  
(S-S) beam. Moreover, the influence of the distance rt is 
more pronounced for the S–S beam than for the C-C beam.  

 
(a) SS 

 
(b) CC 

Figure 4. Dependence of beam deflection on the distance between the 

rotation axis and the beam, Ω* = 10, an/L = 0.25, n0 = 2, ^
wK = 300, *

sK = 30, 

2-1-2 

The power-law exponent of the volume fraction, 
denoted as n0, is gradually increased from 0 to 5. The 
resulting beam deflections are plotted in Fig. 5. These 
findings indicate that: 

 
(a) S-S 

 
(b) C-C 

R
w
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(c) C-F 

Figure 5. Dependence of the beam deflection on the material volume 

fraction exponent, Ω* = 20, an/L = 0.25, ^
wK = 300, *

sK = 30, 2-1-2, rt/L= 0.5 

- As the material volume fraction exponent increases, 
the maximum deflection of the beam also increases. This 
is due to the higher proportion of metal within the beam, 
which makes the beam more flexible.  

- When the material volume fraction exponent n0 

varies from 0 to 0.5, the beam deflection exhibits the most 
significant change. For n0 values greater than 0.5, the 
deflection of the sandwich beam changes only slightly. 
Simultaneously, owing to the influence of inertial forces 
induced by the rotational motion, the beam’s deflection 
profile tends to shift toward the right-hand side. 

The rotational speed of the beam is gradually 
increased so that the value of Ω* varies from 0 to 25. The 
resulting deflection profiles of the beam are plotted in 
Fig. 6. Several observations can be drawn from these 
results as follows: 

 
(a) S-S 

 
(b) C-C 

 
(c) C-F 

Figure 6. Dependence of the beam deflection on the rotational speed Ω*, 

n0 = 2, an/L = 0.25, ^
wK = 300, *

sK = 30, 2-1-2, rt/L = 0.5 

- As the rotational speed increases, the beam’s 
maximum deflection decreases, indicating that 
centrifugal inertial effects play a significant role in the 
response of the rotating beam.  

- For beams with symmetric boundary conditions 
(simply supported at both ends or clamped at both ends), 
the rotational speed affects both the deflection profile 
and the location of the maximum deflection, while also 
influencing the magnitude of the maximum deflection. 

5. CONCLUSION 

This paper presented a finite element method 
combined with a refined shear deformation theory to 
analyze the static bending response of sandwich beams 
partially resting on an elastic foundation and rotating 
about a fixed axis. The proposed computational approach 
has been reliably validated through comparisons with 
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previously published results. The study also investigated 
the effects of several parameters, including foundation 
stiffness, rotational speed, material composition ratios, 
and the distance from the beam to the rotation axis, 
yielding scientifically and practically significant findings. 
Based on the results of this research, the design and 
application of multilayer rotating composite beams with 
functionally graded materials should consider multiple 
factors, with particular attention to the beam’s rotational 
speed and the distance from the beam end to the 
rotation axis. 
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