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ABSTRACT 

During the operation of a car, structural parameters such as vehicle body mass, damping coefficient of the shock absorber, tire stiffness, vehicle speed, 
and other parameters are continuously changing. These parameters directly affect the car's vibrations. This study focuses on the uncertainty of three key 
parameters: vehicle body mass, damping coefficient of the shock absorber, and suspension stiffness. A general model of car with 7 degrees of freedom is 
developed to evaluate ride comfort and road safety. The impact of these uncertain structural parameters on the system's characteristics is assessed by 
varying the values between 50 - 150% of the initial values in the time and frequency domains using Matlab's "ureal" function. The simulation results in 
both domains under different conditions showed that the uncertain parameters significantly affect the car's ride comfort and road safety. 
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TÓM TẮT  

Trong quá trình hoạt động của ô tô, các thông số kết cấu như khối lượng thân xe, hệ số cản của giảm chấn, độ cứng của lốp, vận tốc di chuyển của ô 
tô, và một số thông số khác là đại lượng thay đổi liên tục, do vậy những thông số này ảnh hưởng trực tiếp đến dao động của ô tô. Nghiên cứu này trình 
bày đến tính không chắc chắn của ba thông số chính: khối lượng thân xe, hệ số cản của giảm chấn, độ cứng của lốp. Trước tiên mô hình tổng quát ô tô con 
với 7 bậc tự do đã được xây dựng để đánh giá độ êm dịu và an toàn chuyển động. Để đánh giá mức độ ảnh hưởng của các thông số kết cấu đến đặc tính hệ
thống, các thông số không chắc chắn nêu trên được khảo sát trong khoảng 50 - 150% giá trị ban đầu trên miền thời gian và miền tần số thông qua chức 
năng ureal của phần mềm Matlab. Kết quả mô phỏng trên miền thời gian và miền tần số ở các chế độ khác nhau đã cho thấy các thông số không chắc chắn 
khảo sát có ảnh hưởng rất lớn đến độ êm dịu và an toàn chuyển động của ô tô.  

Từ khóa: Động lực học ô tô, độ an toàn chuyển động, độ êm dịu chuyển động, thông số không chắc chắn, hệ thống treo ô tô. 
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1. INTRODUCTION 

In recent years, car vibrations have become a key 
research topic. The main cause of car vibrations comes 
from road surface excitations. The suspension system is 
used to moderate these vibrations, aiming to enhance 
ride comfort and safety. The suspension system divides 

the car into two parts: the sprung mass (all parts above 
the suspension) and the unsprung mass (all parts below 
the suspension). The suspension system consists of two 
main components: the elastic element and the damper. 

The suspension system plays a crucial role in directly 
affecting the smoothness of the ride, ensuring the 
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transmission of forces from the wheels, guiding ability, 
and the workspace of the suspension system, especially 
when the car moves on rough roads. Vehicle motion 
safety is mainly limited by the vertical displacement of 
the wheels, the roll of the sprung mass during braking, or 
cornering. Ride comfort can be evaluated by vertical 
displacement, vertical acceleration, and the pitching 
motion of the sprung mass. 

  Many studies have examined car vibrations using 
models such as ¼, ½, and full car models. The ¼ car model 
[1-8], the ½ car model [9-11], and the full car model [12-
14] have been studied for car dynamics and vibrations. 
However, most research stops at evaluating the 
uncertainty of parameters for ¼ and ½ models, and there 
are very few studies on full car models. For instance, 
Semiha Turkay and Huseyin Akcay [2] used the ¼ car 
model to evaluate ride comfort during lateral and 
longitudinal movements. W Gao, N Zhang, J C Ji, and H P 
Du [3] studied the vibrations of the ¼ car model 
considering parameter uncertainties, including sprung 
and unsprung masses, damping coefficient, and stiffness 
of the spring and tire. 

In this paper, a full car model with 7 degrees of 
freedom is simulated to evaluate motion safety and 
comfort, considering uncertainties in structural 
parameters like body mass, damping coefficient, and 
suspension stiffness. These values are varied from 50% to 
150% of their original values to assess the system's 
vibrations. Time-domain and frequency-domain 
simulations is conducted, showing the influence of these 
uncertain parameters on the vehicle’s ride comfort and 
road safety. 

The paper is structured into five sections as follows: 
Section 2 presents the development of a general car 
vibration model. Section 3 outlines the criteria for 
selecting uncertain parameters. Section 4 presents 
simulation results and evaluations in both the time and 
frequency domains. The conclusion of the paper is 
provided in Section 5 

2. MATHEMATICAL MODEL FORMULATION  

The model studied is a general full car vibration model 
with 7 degrees of freedom: vertical displacement of the 
car body (Z); pitch and roll angles (φ, θ); and vertical 
displacement at the four wheels (Z1, Z2, Z3, Z4). The 
general model is shown in Figure 1, and the parameters 
of the model are summarized in Table 1 [15]. 

 
Figure 1. A Full Car Vibration Model 

Table 1. Parameters of full car model [22] 

STT Parameters  Symbol Values Unit 

1 Unsprung mass of wheels 1 and 4 m1, m4 30.2 kg 

2 Unsprung mass of wheels 2 and 3 m2,m3 49.7 kg 

3 Body mass m 1150 kg 

4 Tire stiffness k11, k21, k31, k41 181000 N/m 

5 Suspension stiffness (each wheel) k12, k22, k32, k42 30000 N/m 

6 Damping coefficient c1, c2, c3, c4 1400 N.s/m 

7 Moment of inertia about Y-axis JY 861.8 kg.m2 

8 Moment of inertia about X-axis JX 330,5 kg.m2 

9 Distance from center of gravity to 
front axle 

a 
1.116 m 

10 Distance from center of gravity to 
rear axle 

b 
1.232 m 

11 Distance from center of gravity to 
left track 

d 
0.621 m 

12 Distance from center of gravity to 
right track 

c 
0.621 m 

13 Vehicle speed V  km/h 

The dynamic equations of the car are established 
based on the principle of separating individual 
subsystems and D'Alembert's principle, as follows: 
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The equation is rewritten in the state-space 
representation as follows: 

X AX BU
Y CX DU
 


 

                                                                  (3) 

Where the state vector is: 

 X=[Z, Ż, φ, φ̇, θ, θ,̇ Z�, Ż�, Z�, Ż�, Z�, Ż�, Z�, Ż�].  

The output vector is: 

 Y=[Z, Ż, φ, φ̇, θ, θ,̇ Z�, Ż�, Z�, Ż�, Z�, Ż�, Z�, Ż�, Z,̈ φ̈, θ̈].  
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Equation (1) is written in the following form:  
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The disturbance vector is the road profile 
u=[q�, q�, q�, q�]. The matrices A, B, C, and D are defined 
as follows:  
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3. UNCERTAINTY PARAMETERS IN THE MODEL 

The uncertainty of parameters and the uncertainty of 
the model are particularly important to consider when 
building probabilistic risk assessments. In many 
optimization and decision-making problems, uncertainty 
about parameters can be modeled and addressed 
through methods such as optimization under 
uncertainty, decision theory, and planning methods in 
uncertain environments.  

For automotive suspension systems, uncertainty 
includes parameters such as the vehicle's speed, sprung 
mass, unsprung mass, damping coefficient, tire stiffness, 
and actuator mechanisms. Uncertainty in hydraulic-
electrical actuators has been shown to significantly affect 
the characteristics and performance of actuators in active 
suspension systems. In the referenced paper [17], an LPV 
controller was used, where the author monitored 
parameters and planned appropriately within the LPV 
control framework. This controller was designed to ensure 
the desired performance and stability requirements of the 
closed-loop system. By automatically adjusting suspension 
system parameters such as damping force and spring 
stiffness, these systems enhance oscillation amplitude and 
meet the required comfort and safety standards [18-21]. In 
passenger car suspension systems, parameter uncertainty 
refers to the fact that the values of system model 
parameters are not precisely known. Therefore, parameter 

uncertainty can lead to 
issues in the control 
system, such as reduced 
performance, instability, 
and decreased durability 
[8]. 

In MATLAB software, 
the author uses 
Uncertain Real 
Parameter (ureal) to 
analyze model 
parameters. An 
uncertain real parameter 
is characterized by a 
nominal value, stored in 
the NominalValue 
property, and an 
associated uncertainty, 
which represents the 
potential deviation from 
this nominal value. The 
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ureal object encodes this uncertainty in three distinct 
ways: PlusMinus (Represents uncertainty as an absolute 
deviation added to or subtracted from the nominal value); 
Range (Defines uncertainty as an absolute range of 
possible values, independent of the nominal value); 
Percentage (Quantifies uncertainty as a percentage 
deviation from the nominal value). In the context of this 
research, the authors utilized the "Percentage" mode in 
MATLAB. This mode quantifies uncertainty as a percentage 
deviation from the nominal value. In this study, with a 
nominal value of 100 and an uncertainty of ±50%, the 
parameter value can range from 50% to 150%. 

In this study, the author chooses the vehicle body 
mass, damping coefficient, and suspension stiffness as 
uncertain parameters for investigation. The focus is on 
examining the characteristics of parameter uncertainty in 
the structural parameters of cars to assess parameter 
uncertainty and vehicle instability during operation. This 
is because, during vehicle operation, the body mass 
continuously changes from unloaded to fully loaded, and 
may even exceed the load. Two values for the damping 
coefficient C and suspension stiffness K are selected with 
fixed values in Table 1; however, during operation, these 
two parameters are nonlinear variables and only 
fluctuate around their equilibrium positions.  

4. SIMULATION AND EVALUATION OF RESULTS 

4.1. Survey Conditions 

The authors investigated the vehicle's vibrations in both 
time and frequency domains based on two criteria: ride 
comfort and road safety. In the frequency domain, they 
examined the amplitude of the transfer function of the 
wheel across a range from 0 to 100 rad/s. In the time 
domain, the authors analyzed the vehicle's vibrations while 
driving on a sinusoidal road profile with an excitation 
frequency of ω = 20 rad/s. In this section, the characteristics 
of the uncertain structural parameters are presented in 
Table 2. The upper and lower bounds of the model 
parameters are determined by the percentage of instability 
relative to the nominal model parameters in Table 2. 

Table 2. The Uncertain Structural Parameters 

Uncertainty 
Body 

Mass m0 
(kg) 

Damping 
Coefficient 

c0 (Ns/m) 

Suspension 
Stiffness 

k0 (N/m) 

Norminal value 1150  1400  30000  

Upper bound (+ 50%) 1725  2100  45000  

Lower bound (- 50%) 575  700  15000  

4.2. Simulation Results in the Frequency Domain 

The frequency domain simulation results of the 
nominal model are represented by the red star-shaped 
markers, while the simulation results for the model with 
uncertain structural parameters are depicted by the solid 
black lines. 

a) Varying the body mass∶  � = ��%�� ÷

���%��   
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Figure 2. The graph shows the suspension system's vibrations in the 

frequency domain when varying m 

Figures (2.i) and (2.ii) show that in the frequency range 
from 0 to 4 rad/s, the uncertainty has a minor effect on 
the vehicle body displacement. A resonance region 
appears between 12 and 15rad/s, and for frequencies 
above 15 rad/s, the transfer function for the uncertain 
parameters deviates by about 10 dB compared to the 
nominal value. Figures (2.iii) and (2.iv) indicate that in the 
frequency range from 0 to 4 rad/s, the uncertainty has a 

minor effect on the acceleration of the vehicle body 
displacement, and for frequencies above 15 rad/s, the 
transfer function for the uncertain parameters deviates 
by about 10 dB compared to the nominal value. In Figures 
(2.v), (2.vi), (2.vii), and (2.viii), when varying the vehicle 
body mass, the wheel displacement graph shows the 
largest resonance region between 5 and 25rad/s, with 
decreasing influence thereafter  

b) When varying the damping coefficient: � =

��%�� ÷ ���%��   
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Figure 3. The graph shows the suspension system's vibrations in the 

frequency domain when varying the damping coefficient C 

Figures (3.i) and (3.ii) show that in the frequency range 
from 0 to 8rad/s, the uncertainty has a minor effect on the 
vehicle body displacement. A resonance region appears 
between 8 and 15rad/s, and for frequencies above 
15rad/s, the transfer function for the uncertain 
parameters deviates by about 5dB compared to the 
nominal value. Figures (3.iii) and (3.iv) indicate that the 

uncertainty has only a minor effect on the acceleration of 
the vehicle body displacement at the two wheels. In 
Figures (3.v), (3.vi), (3.vii), and (3.viii), when varying the 
vehicle body mass, the wheel displacement graph shows 
the largest resonance region between 40 and 100rad/s.  

c) When varying the tire stiffness: � = ��%�� ÷

���%��   
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Figure 4. The graph shows the suspension system's vibrations in the 

frequency domain when varying the tire stiffness k 

Figures (4.i) and (4.ii) show that in the frequency range 
from 0 to 5rad/s, the uncertainty has a minor effect on the 
vehicle body displacement. A resonance region appears 

between 10 and 25rad/s, and for frequencies above 
25rad/s, the transfer function for the uncertain 
parameters changes insignificantly. Figures (4.iii) and 
(4.iv) indicate that the uncertainty has only a minor effect 
on the acceleration of the vehicle body displacement at 
the two wheels in the range of 10 to 20rad/s. In Figures 
(4.v), (4.vi), (4.vii), and (4.viii), when varying the vehicle 
body mass, the wheel displacement graph shows the 
largest resonance region between 40 and 100rad/s. 

4.3. Simulation Results in the Time Domain 

The time domain simulation results of the model are 
presented through the Root Mean Square (RMS) value 
and the maximum absolute value MAX(ABS) of the 
signals. The values for the vehicle body mass, damping 
coefficient and suspension stiffness; are varied from 50% 
to 150% of the nominal values as shown in Table 2. In the 
time domain survey results, the red dashed lines 
represent the maximum absolute values MAX(ABS) of the 
indicators, while the RMS value simulation results are 
depicted by the solid blue lines. 

a) Varying the body mass: � = ��%�� ÷ ���%��   

In Figures (5.i), (5.iii), and (5.iv), when varying the 
vehicle body mass, both RMS and MAX(ABS) values of the 
indicators increase significantly. For the vehicle body 
displacement acceleration indicator in Figure (5.ii), both 
RMS and MAX(ABS) values remain almost unchanged. 

 

 



                          CÔNG NGHỆ                                                                          https://jst-haui.vn 

   Tạp chí Khoa học và Công nghệ Trường Đại học Công nghiệp Hà Nội                                                   Tập 61 - Số 5A (5/2025) 136

KHOA HỌC  P-ISSN 1859-3585     E-ISSN 2615-9619 

 

 
Figure 5. The graph shows the suspension system's vibrations in the time 

domain when varying body mass m 

b) When varying the damping coefficient: � =

��%�� ÷ ���%��   

In Figures (6.i) and (6.ii), when increasing the damping 
coefficient c, the MAX(ABS) values for both body 
displacement and body acceleration decrease 
significantly, while the RMS values remain almost 
unchanged. For the wheel displacement indicators in 
Figures (6.iii) and (6.iv), both RMS and MAX(ABS) values 
decrease slightly, but not significantly. 

 

 

 

 
Figure 6. The graph shows the suspension system's vibrations in the time 

domain when varying the damping coefficient c 

c) When varying the tire stiffnes: � = ��%�� ÷

���%��   

In Figure (7.i), as the tire stiffness k increases, the 
MAX(ABS) value of the vehicle body displacement decreases 
significantly when k changes from 15,000 to 30,000 N/m; 
beyond 30,000 N/m, it remains almost unchanged, and the 
RMS value of the displacement decreases sharply. For the 
indicators in Figures (7.ii), (7.iii), and (7.iv), the MAX(ABS) 
value in Figure (7.ii) increases significantly, while in Figures 
(7.iii) and (7.iv), it changes only slightly. The RMS values in all 
three cases decrease only slightly.  
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Figure 7. The graph shows the suspension system's vibrations in the time 

domain when varying the tire stiffness k 

The simulation results in both the time and frequency 
domains demonstrate the characteristics of the full vehicle 
model when considering the uncertainty of structural 
parameters. The research findings indicate that the 
uncertainty of structural parameters significantly affects 
the performance and characteristics of the suspension 
system in passenger cars. According to the research 
results, the values for body displacement, acceleration, and 
roll angles change significantly when the nominal values 
of the uncertain parameters are altered. 

5. CONCLUSION 

In this paper, the authors focus on developing a 7-
degree-of-freedom vehicle dynamics model to assess the 
system's comprehensiveness, establish dynamic 
equations, and transition to state-space representation. 
The study examines how parameters such as vehicle 
body mass, damping coefficient, and suspension stiffness 
affect vehicle vibrations and stability when varying these 
parameters within a range of 50 - 150% of their nominal 
values. The simulation results in both time and frequency 
domains demonstrate the model's characteristics when 
considering the uncertainty of structural parameters. The 
research shows that the uncertainty of these parameters 
has a significant impact on the performance and 
characteristics of passive suspension systems in vehicles. 
Based on these findings, the authors plan to further 
investigate additional uncertain parameters that may 

affect vehicle vibrations and develop a comprehensive 
control method for active suspension system to mitigate 
the effects of parameter uncertainty, leveraging the 
evaluation results and simulation equations from this 
study. 
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