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TOWARD A PHYSICS-BASED MODEL OF POWER COEFFICIENT
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ABSTRACT

Global energy is in a major shift from energy using fossil sources to renewable
energy using more sustainable energy sources. The wind is the clean and
inexhaustible one of renewable energy resources that is available in most parts of
the world. In order for wind power generation to meet more ambitious targets
around the world, itis necessary to understand all the physics behind processes of
electrical generation from wind. In this paper, an analytical physics-based method
is developed to estimate the generated power and coefficient of a horizontal-axis
wind turbines (HAWT). A special point in this paper is the construction of power
coefficients, which compare with coefficients of various wind generation systems,
that fitted as functions from actual data measured from popular wind turbines in
the world.

Keywords: Wind power generation; horizontal-axis wind turbine, power
coefficient.

TOM TAT

Nang lugng toan cdu dang trong giai doan thay ddi I6n tir nang lugng st dung
cac ngudn hda thach sang ndng lugng tai tao st dung cdc ngudn nang lugng bén
vitng hon. Gid 1a mdt trong nhitng ngudn nang lugng tai tao sach va vo tan cé san
& hau hét cac noi trén thé gii. DE san xudt dién gid dap ting cdc muc tiéu day tham
vong hon trén toan thé gidi, can phai hiéu tdt ca yéu t6 vat Iy déng sau cc qué
trinh san xudt dién tlr gié. Trong bai bao nay, mdt phuong phap dua trén co s¢
phén tich vét Iy dugc phat trién dé tinh cdng sudt va hé s cong sudt cla tuabin
gi6 truc ngang (HAWT). Mot diém dac biét trong bai bdo nay la viéc xdy dung cac
hé s6 cong suat, c6 so sanh vdi cac hé so cta cac hé thong phét dién gid khacnhau,
dugc téng quat hoa nhu cac ham tir dit liéu dugc do thuc té tir cac tuabin gié phd
bién trén thé gidi.
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1.INTRODUCTION

The increasing growth in global electricity demand leads
to environmental degradation, manifested by higher carbon
dioxide (CO,) emissions and increased greenhouse effect [1,
2]. Humans' high dependence on fossil fuels, their resulting
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involvement in “climate change,” and their increasing costs
have spurred interest in alternative forms of electricity
generation. depends on this type of fuel [3]. These
alternative forms are known as renewable energy sources
and they now have led to diversification in energy
production [4, 5]. Popular today of these new forms include
wind energy and solar energy.

Although wind is a clean and inexhaustible resource
available in most parts of the world, however, there are
specific regions where this natural resource is abundant.
Therefore, many different statistical methods have been
developed to calculate the average wind speed, wind
energy density and its load factor for a specific geographical
area [6]. This allows the identification of suitable areas for the
installation of wind farms of the desired capacity. Based on
these methods, many projects have been implemented in
many countries. Vietnam is no exception to this trend,
aiming to comply with the Kyoto Protocol and achieve zero
CO, emissions by 2050, and even has incentives to develop
these alternative energy sources.

The process of converting energy from wind into
electricity begins with the wind colliding with the turbine
blades to rotate the generator. In fact, wind has a random
nature, so the voltage amplitude and frequency generated
by the generator change continuously. To regulate the
varying voltages of the generator and supply the loads with
amplitude and frequency values according to the
regulations of a given country, an electronic system is used
to perform this conversion [7, 8]. From there, to evaluate the
performance of a wind turbine, one of the most important
parameters is the power coefficient (Cp), established by the
International Electrotechnical Commission (IEC) [9]. Power
coefficient refers to the relationship between the actual
produced power and the energy from the surrounding wind
transmitted towards the turbine blades [10]. Power
coefficient is one of the parameters needed to calculate the
production efficiency of a wind turbine or a wind farm, along
with parameters such as air turbulence, temperature and
density. At the same time, it has been established that the
power coefficient is one of the most important parameters
that distinguish one wind turbine from another. Therefrom,
many statistical data from many parts of the world are used
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to analyze all these parameters and make the design and
operation of wind turbines more efficient [11, 12]. These
statistics gave the mathematical functions used to represent
the behavior of the power coefficient in relation to the
specific speed and the blade’s angle of wind attack, and then
established the general formulas for the analysis and
compare better.

This article focuses on the analysis of horizontal-axis and
three-blades turbines because they are the most common
types. This is structured as follows. Start by displaying the
characteristics of a wind turbine in order to identify the most
important parameters that determine its operation and give
each turbine its particular characteristics in the wind energy
conversion process. A physics-based analytical model is
established based on the Weibull wind distribution. The
analytical expression of the power coefficient was obtained.
The following part is to determine the physical parameters
in this expression of the power coefficient in comparison
with fitted functions of the exponential type obtained from
experimental data of popular wind turbines in the world.
Finally, an evaluation discussion is conducted based on the
actual cases presented in the reference data.

2. THE EXPERIMENT-BASED MODELS

Wind is air movement in the Earth's atmosphere. Wind
energy is the kinetic energy of air moving at speed v.

Exin = % mv? (1

where, the mass of air m passing through a circular plane
perpendicular to the wind direction during time tis

m = pV = pAvt (2)

here, p the air density, V is the volume of air mass passing
through the circular cross-section of the swept area covered
by the blades of the turbine A = mR?, and R is radius of rotor
(Fig. 1).

Therefore, the kinetic energy Ey;, and power P, of the
wind are

Exin =§ pAtv3 3)
dEkin
Py = k1 = 2 pAV3 (4)

It is worth noting that wind power increases with the
third power of wind speed and therefore wind speed is one
of the deciding factors when wanting to use wind energy.
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Fig. 1. The swept area of blades corresponding to size of wind turbines [13]
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Wind power can be used, for example, through a wind
turbine to generate electricity, but the energy produced is
much less than the energy of the wind flow because of the
speed of the wind behind a turbine. cannot be reduced to
zero. In theory, a maximum of 59.3% of the energy existing
in the wind can be extracted (called Betz's Law, discovered
by Albert Betz in 1919 [14]). The value of the ratio between
the power extracted from the wind and the wind power is
called the power coefficient (Cp). Therefore, the power in the
turbine (P;) is expressed by

P, =~ pAV3C, (5)

The power coefficient (Cp) depends on several
parameters, such as the type of turbine (horizontal or
vertical axis), the number of blades (in the case of a
horizontal axis), the specific speed or tip speed ratio
(A = Rw/v, where w is the rotational speed of the turbine),
and the pitch angle of the blades (8), see Fig. 2.
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Fig. 2. The dependence of power coefficient on A and types of wind turbine [15]

In fact, C, (A, w) are different depending on the case of
commercial wind turbines. Normally, manufacturers
measure and provide documentation where the C,, behavior
are plotted as graphs. These graphs, then, are used to obtain
mathematical approximations (i.e. by fitting to functions)
that allows us to understand their behavior in an analytical
formula. These approximations are carried out by means of
optimal numerical methods [16], almost are expressed
through three mathematical forms:

e Polynomial functions
e Sinusoidal functions
¢ Exponential functions

The power coefficients based on polynomial functions
depend only on A, since 0 is a constant, and they are used
normally in low power wind turbines where control of 6 is
not applied. In addition, in some cases it is necessary to limit
A to make the power coefficient is viable and valid. For values
of A larger than the limit, this coefficient does not occurin a
real turbine [17].

For power coefficients based on sinusoidal functions,
there is also a disadvantage that the power coefficient graph
does not describe the real behavior of the wind turbine, so it
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is necessary to limit the value A for each power coefficient.
Additionally, some power coefficients have a problem for
high values of both A and 0, because, as the C, value
decreases, it increases again, which does not happen with
real wind turbines. In some other cases, the power
coefficients present an adequate behavior, but they tend to
infinity through the variation of A and 6 [18].

Regarding the coefficients based on exponential
functions, significant variety is observed, but all start at zero
for a O of zero, which does not occur in most cases of the
coefficients based on polynomial and sinusoidal functions.
Moreover, they all reach a maximum value and then
descend until reaching zero at different values of 6, thus
achieving the real behavior of a turbine. In addition, the
behavior observed for the coefficient of torque is also very
close to reality [19-26].

All power coefficients expressed in exponential form are
most suitable for real wind turbines and are grouped to the
general equation which is represented by
Co(A,0) = ¢ (% — €0 — C30Q — A% — c6) eF + cgh (6)

where

ir_ 1 cn

X A+coO+cqo 1403 )

and the parametersc; (i=0, 1, 2, ... 11) of this expression
are identified by the papers [19-26] and summarized in [27].
They are shown in Table 1.

Table 1. Constants of the power coefficients in the exponential functions

Refs| co| €1| €3] €3] €4 | C5| C6| €7 | €Cg| Co| C10| €11
[19]] 0.5 [116] 0 |04 0 | O | 5|21 | 0 |0.08] 0 [0.035
[20]| 0.5 [116]04| 0 | 0 | O | 5|21 | 0 | O [0.088]0.035
[211]0.518{ 116 | 04| 0 | 0 | O | 5 | 21 [0.007{0.08| 0 [0.035
(221102211604 0 | O | O | 5 [125] 0 |0.08] 0 |0.035
(2311 0.5 |72.5{04] 0 | 0 | O | 5 [1313] 0 |0.08] 0 |0.035
[241]0.73 | 151]0.58| 0 ]0.002/2.14|13.2{18.4| 0 [0.02] 0 |0.003
(251044 125|040 | 0 | O |6.94[17.05| 0 [0.08] 0 |0.001
[26]| 1 [110{04] 0 0.002|2.2 |96 [184] 0 ]0.02] 0 |0.03
Betz limit
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Fig. 3. The power coefficients based on an exponential function of [19-26]

These eight power coefficients as the functions
depending on A with 8 equal to zero are shown in Fig. 3. It
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can be seen that none of the coefficients exceed the Betz
limit. All the power coefficients have adequate compression
because it starts from zero and increases its value until
reaching a maximum value and then decreases to zero as A
increases.

All above functions describing the power coefficient are

fitted from experimental data. Below we will try to find this
function based on physics and the meaning of the parameters.

3. THE PHYSICS-BASED MODEL

Based on physics, the received power in the turbine (P,)
can be expressed by using an exponential cumulative
distribution to the useful wind speed v as follows

P.(v) = [} Py (Wf(w)du (8)
where
Py(w) =5 pAw? ©)

is the wind power and

f(w) =%e ? (10)

is the exponential probability density function. Here, T is
scale factor, and p is location parameter. Taking the integral
(6), we obtain:

P.(v) = pAV3C, (11)
where

E 3 _X 2 3
Cp=e§[6f’—3—e <(1+3§+63—2+6i—3)] (12)

Putting { = v./x, vi = wR, X is a new parameter, and
i =V, then

B_X _
E_X_n (133)
vV_ X _
7537y (13b)
where A = v, /v, X = v/V.
Thus,

—en|& ey 3,646
Co=el[Z—e (1+y+y2+y3)] (14)

Comparing with (6) and (7), we arrive at

1 B
y=«a (m N 1+e3)
Thus, instead of 11 parameters in (6) and (7), our model

only needs 4 parameters: 1, o, B, and y. Below we will
examine the meaning of these four parameters. First, we
consider the case 8 = 0 and choose a set of four parameters
suitable for the above eight semi-empirical models. The
results are shown in Fig. 4.

Keeping the three parameters unchanged and changing
the remaining parameters, we obtain Figs. 5, 6, 7 (for 6 = 0).

(15)

Three parameters n, o, B clearly show the physical
properties of C;, as well as the wind turbine power P.. n is
related to the magnitude of the maximum value of Cp: that
is, related to the maximum power value of the wind turbine.
a is related to the increase in C,, as well as the wind turbine
power. And f3 is related to the cutoff point of turbine power.
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Fig. 4. The power coefficients for 8 = O based on our physical model. The
cyan lines and shading area are exponential functions of Refs. [19-26]
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Fig. 5. The power coefficients for & = 0 based on our physical model as 1)
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Fig. 6. The power coefficients for 8 = 0 based on our physical model as o
changes. As acincreases, the slope in the small A region of C , decreases
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Fig. 7. The power coefficients for 8 = 0 based on our physical model as 3
changes. As {3 increases, the breakpoint of C,, decreases

Comparing with (6) and (7), we see that
(16)
Hence, all the semi-empirical curves obtained by [19-26]

can also be obtained from (14) and (15) corresponding to
suitable parameter sets of 1, o, 3, and y.

a=2Cz B=cy1, Y=10Cy €1 =coCq
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By adjusting these four parameters, we can obtain any
functional form of C,,. For example, the exponential function
of [22] can be obtained from our analytical function
corresponding to the parameter sets shown in Fig. 8.
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Fig. 8. The power coefficient Cy, vs. A of [22] compared to the our model

4. CONCLUSION

In summary, by using the exponential cumulative
distribution function a physical model is derived for the
power of the wind turbine, in particular the power
coefficient function is found by analytical calculation results.
Instead of 11 parameters that have no physical meaning, this
analytic function has only 5 parameters that characterize the
properties of real wind turbine power, such as maximum
value, slope, breakpoint, and pitch angle.

In the article we used the exponential cumulative
distribution, to expand it we can use a more general
distribution function, such as the Weibull distribution.

© fu-p\K"1 (R “

f(u)—z(T) e(l)

With the Weibull distribution function, there is an
additional configuration parameter k. The significance of
this parameter is possible for fine adjustments of wind
turbine power. The power coefficient function with
additional configuration parameters may be a prospective
study for us in the future.
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