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ABSTRACT

This paper aims to introduce a new approach to design a controller to ensure the
single-pendulum system (2D overhead crane) to be stable at the desired position
based on output feedback information and maximum principle. Due to the necessity
of the information of system’s swing angle which is inaccessible, an observer is
developed to reconstruct the important value. The estimation from the observer and
the information about the trolley’s positions are utilized to implement the output
feedback controller. In this paper, the controller is constructed based on Maximum
principle, to ensure the stability of the system within a fixed-time interval and the
minimal cost function of time being. Therefore, the high-frequency phenomenon is
eliminated, and the amplitude of input signal also be reduced significantly. Thereby,
the lifetime of the actuated system and the closed system'’s durability can be
enhanced. The advantages of the prosed control method are validated through
various case studies and scenarios of simulation.

Keywords: The single-pendulum system, state observer, free-end time-
optimal control, output feedback principle.

TOM TAT

Bai bdo nay nhdm muc dich gidi thiéu mt cach ti€p can mdi dé thiét ké b diéu
khién cho hé théng cdu treo con lac don (hé thdng cdu treo 2 bac tu do), dé gidp hé
théng 6n dinh tai vi tri mong mudn dua trén nguyén Iy phan hoi dau ra va nguyén ly
cuc dai. Vdi viec khong cd thdng tin vé gdc lac, mot bo quan sét goc ldc da dugc phat
trién d& phuc hoi lai gié tri cla né. Cac dif lidu tir bd quan sat, két hop vdi thong tin
vé vi tri cia xe hang dugc st dung dé thiét ké bo diéu khién. Bo diéu khién dugc xay
dung dua trén nguyén ly cuc dai ddm béo tinh 6n dinh clia toan hé kin trong mét
khoang thai gian cd dinh vdi ham chi phi thoi gian gan nhu'nhd nhat. Nhiing cdi tién
khdng nhiing loai bd hién tugng rung tan sé cao, ma con gitip gidm dang ké bién do
cla tin hiéu diéu khién. Tir d6 bdo vé tudi tho clia hé thdng truyén dong va nang cao
d0 bén vitng cia hé kin. T4t ca cdc két qua md phdng dugc chiing minh thdng qua 3
truGng hop va dugc thuc hién trén nén ting Malab/Simulink.
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1. INTRODUCTION

Overhead Cranes [1, 2] are widely deployed in factories
and habours in order to move heavy objects and dangerous
cargoes from a position to another position. With the rapidly
increasing productivity, the claim for the operation of the
overhead crane system is more strictly that it can be
deployed with an incredibly high speech, robustness, and
accuracy. In addition to these mentioned tasks, because the
mathematical model of the overhead crane has various
nonlinearities and uncertainty parameters, the problem of
smooth and efficient control that to make the system can be
handled all tasks is a challenge for engineers and research
groups around the world. Therefore, the research topic
involving the overhead crane has attracted much attention
from scientists, and its potentials are the motivation for
many papers to improve the system'’s performance.

With great potential in industrial sectors, the developed
control methods for applying to the single-pendulum
system are diverse with many incredible results. The paper
[3] presented preliminarily methods that could be applied to
this system. In general, the single-pendulum system’s issue
is separated into two missions. The first mission is to design
a controller to help the trolley track the desired trajectory
while minimizing the swing angle is the main task of the
second mission. These epitomizing papers which design a
controller based on this perspective are [4, 5] where the
swing angle is about 5-7 degrees. Input shaping studied in
[6], as well as its enhancements [7], is widely used to
minimize the swing angle. Nevertheless, the diagram of the
input shaping method was developed based on a
feedforward scheme, some disadvantages happened such
as restlessness, the convolution function chosen, etc.
Particularly, if the frequency of the input impulse series must
not be calculated carefully, the oscillation is amplified, and
the amplitude of the oscillation becomes maximum due to
the vibration resonance. In addition to the classic methods,
there are many advance controllers studied such as the
partly linearization [8], fuzzy logic controller [9, 10], applying
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neural network [11], high order sliding mode control [12, 13],
hierarchical sliding mode controller [14], etc. All of them
have own disadvantages listed in [15].

Optimal control is an effective tool to deal with many
optimization problems in control engineering. In addition to
the energy optimization of the closed-loop system, the free-
end time-optimal problem is an interesting problem but has
not received much attraction from researcher due to its
complexity in designing. Due to the high frequency of the
switching in optimal time controller, inspite of the stability
of system’s state at the origin, the control input, as well as
the state oscillates with a high frequency around the
equilibrium value in case of using method in [16]. Therefore,
in this paper, a nearly free-end time-optimal controller is
proposed. Although the optimal property has not just been
rigorous, it not only makes the control input smoother, but
the input’s amplitude also reduces significantly whereas the
trolley’s position is very close to the optimal response.
Additionally, the end time only depend upon the initial
point and the bounded of the control signal. Thereby,
depending upon each task, the time to stability is changed
suitably. For the single-pendulum system, with the weak
stability at the origin of the swing angle, the equation for
control the trolley’s position, by a linearization transform,
has a form of the second-order system. This controller is
significant when applying to this system.

To implement the proposed controller effectively, a
compulsory requirement is to determine the exact value of
the swing angle or the swing angle is measurable. This
requirement, normally, is handled by sensors. Nevertheless,
in many cases, by the damage of the sensor systems or
technical restrictions, this task is not fulfilled. Thus, a swing-
angle observer is developed to estimate the values of the
swing angle. The convergence of the proposed observer is
proven rigorously. The data from the novel observer is
utilized to implement the nearly free-end time-optimal
controller. This scheme which is constructed by the
connection between the optimally proposed controller and
the swing-angle observer is called the output feedback-
based nearly free-end time-optimal controller. The stability
of the closed-loop system is also proven mathematically.

The contributions are listed as below:

¢ Developing a new state observer to resuscitate the
values of the swing angle of the singular-pendulum system.
In term of science, this observer helps the estimated value to
be asymptotically stable at the real angle. In term of
application, this contribution helps to save the cost of
installing the sensors.

¢ A free-end time-optimal controller is improved to steer
the trolley’s position to be stable at the desired value with
minimizing the cost function of time. This enhancement not
only makes the control input smoother, but the input’s
amplitude also reduces significantly whereas the trolley’s
position is close to the optimal response. Thereby, it protects
the lifetime of the actuated system.
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In this paper, x is symbolised for the column of n real
numbers X,,X,,..,X, . The absolute value of a real number x
is x| The notation ||x || represents the 2-norm of a vector x
and |x||, is the infinite-norm of a vector x . The scalar

product between 2 vectors x and Y is notated by <)_<,X>
and calculated by <§,X> =ZTX =XTZ-

2. PROBLEM PRELIMINARY

Consider the single-pendulum system describes in [15]
and the its physical model is shown in Figure 1. As can be
seen from this figure, a single-pendulum system includes a
trolley moving on the rails, a long cable without elasticity,
and a cargo.

ZA
Trolley
x(2)
F M
o
X
2
= /
© i
\_/4 Cargo
]
H m

Figure 1. The physical model of a single-pendulum system

The masses of the trolley and the cargo are symbolized by
M and m, respectively. | is presented for the length of the
system’s cable. All of them are assumed as to be known. The
single-pendulum system has a unique input force symbolized
by F(t). The force F(t) makes the trolley move and the cargo
swing simultaneously. Therefore, the vector of states for this
system consists of the trolley’s position x(t) and the swing
angle O(t). For convenience, this paper will using these

notations F, x, 0 instead of F(t), x(t), B(t), respectively.

The mathematical model of the single-pendulum system
is given by [15]:

(M+m)5('+B)'(+mIécose—mI92sin9=F 0
mI*6 + bB + mlx cos6 + mglsin® =0
Where g is the acceleration of gravity, B, b are the static
coefficients of the friction.

Because of no information about the exact value of the
swing angle 6, as well as its unavailable measurements, the
control task here is to determine the input signal F which can
make the position of trolley x, starting at an arbitrarily initial
point xo, achieve the desired position x4 such as the under
cost function of time is minimum:

.

H(x,t):jdt—>min (2)
0

Remark 1: The valuable T is arbitrary. Therefore, the

optimal control problem here is called free-end time
problem or minimum-time problem [17].

To solve the above objective, this paper focuses on:
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¢ Designing a swing-angle observer to estimate the real
value of 6 by only utilizing the information about the
acceleration of the trolley.

¢ The data from the output of the swing-angle observer
is used for developing the controller. The estimated value of
swing angle 6, the achieved controller is a nearly free-time
optimal controller.

By denote e, =x—x, is the tracking error of position,

the first equation of equation (1) can be rewritten as the
form:

X, =X, 3
x, =F +f; 3)
Where X, =e,, X, =€,, = F and
M+m
(mlécose—mlé2 sine—sz) )
o= M+m ~Xa

Assumption 1: The states of the single-pendulum system
are bounded, and the trolley moves slowly enough.

3. MAIN RESULTS

3.1. Design swing-angle observer for single-pendulum
system

The symbol 6 is the output of the proposed observer
and it presents for the estimate avlue of the swing angle 6.

Swing-angle
observer

Figure 2. Model of the swing-angle observer

The model of the swing-angle observer is designed as
the following:

@, =(bz
o, =—a"'(b¢, +mg|sin<“p1)—(l’1 cosfp])i(' (4)
é :ET [(@1 (bz ]T

1 A oA
Where a > 0 is a positive number, ¢ = (Oj and @,,®, are

two states of the proposed observer.
3.2. Design nearly free-time optimal controller

The design procedure of the nearly free-end time-
optimal controller consists of 2 steps. Firstly, the nonlinear
mathematical model in (3) is converted to the second-order
LTI system with model error using an output feedback
regime. And the following step is to design the free-end
time- optimal controller based on the HJB equations. This
controller will ensure the closed-loop system to be stable at
the origin in a finite time.

Step 1: Transmitting the nonlinear single-pendulum
system to the second-order LTI system with model error by
output feedback principle.

Website: https://jst-haui.vn

Consider the nonlinear system which is depicted in
equation (3). Proposing the output feedback controller

16cosd — i si é—B')
(m CcOoS m SN X (5)

F.=v+

m

M+m

Where v is an auxilary input signal. The equation (3)
becomes:

X, =X, 0 1)x) (0) (0
= .= +| V4| -
x,=v+f (0 0)(X%, 1 f (6)
=Ax+b'v+d
Where
(mlécosé—mlézsiné—BX) (mlécose—mlézsine—BX)

F - ,
M+m M+m

X, . 0 1 - (0
X= , the matrix A = ,b=(0 1)andd=|_|.
X, 0 0) — - f

Remark 2: To overcome the difficulty of the inaccessibility
of the swing angle 6 and its derivations 6,6, an observer
therefore is proposed to estimate them. However, it is

difficult to achieve 8 =8 in a finite time interval, it directly
leads to Q # 0 . Thelinear system guaranteed in (6) is a nearly
LTI system.

Assumption 2: d is finite, that means ||§

< +00.
0

Step 2: Design the nearly free-end time-optimal
controller

To construct the free-end time-optimal controller for
system (6), firstly we consider the LTI system being similar to
system (6) without model error and with respect to (w.r.t) the
saturation condition of auxilary input signal:

x=Ax+b"v w.rt [v|<k (7)
Denote that ¢ is the costate vector for system (7) and
>_(*,V*,(_P*are the optimal value of X\V,Q, respectively.
According to the Halminton-Jacobi-Bellman principle, these

values x ,v" and (_P* need to satisfy [17]:
H(g*,v*,g*)
:1+<AT5*(t),(B*(t)>+<v*(t),gcf*(t)>:0, (8)
vte[0,T]

Figure 3. The switching-curve
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And >_<*,V*,(_P* is the unique optimal solution [17]. Because

the cost function (2) is linear and the constraint |v| <k defines

an isochrone S; ={Ve]R|—kSvSk}. Therefore, according

to the HJB principle and the optimazation theory, the optimal
control signal v', which makes the system’s state x(t) moving

from an arbitrarily initial point x(0)to x(T)=0 in a finite
time T, is determined by:

v’ :ar%E?inH(l,v,c_p)

—k,if be >0 9

:—ksign(@_P*): k if b(P* <0

aH(é*,V*,(L)*)
ox”

(3) depicted the state trajectory of system (7) in phase space

in cases v = +k with two diffirently initial point x, (0) and

Where (_p* satisfies ¢~ = — =-AT¢" .Figure

X, (0) (blue line and red line, respectively). As can be seen

that, when the state trajectory is in the switching-curve line,
it goes to the origin in a finite time. Moreover, whenever the
state trajectory is not in AOB, the optimal control signal v" is
opposite in sign to L, (x). But when x(t)eL,q;(x), the
optimal control signal v* is opposite in sign to x;. Thus, the
equation of the swiching-curve line AOB, and the state
feedback optimal controller v are achieved by substittuting
(9) into (7) and Figure (3):
1
L ros (5):X1 +EX2|X2| (10)

=>v =v'(x)

(1

—ksign[x, +ix2 |x2|J,if Laos (X) %0

—ksign(x, ),if Lyos(x)=0,and x,#0

Remark 3: Since H(f,v*,(_p*) =0,Vte [O,T] , the optimal

.
costate vector @ must be a nonzero vector:

@ #0,vte[0,T].

Nevertheless, using the signal function in equation (11)
makes the control input is discrete or the vibration
frequency of the oscillation in v’ (x) becomes immensely

large. This phenomenon brings a negative effect on system’s
performance, as well as shortening the system'’s durability.
So, this paper proposes a smoother free-end time-optimal
controller:

—ktanh{a(x, +2—sz |x2|ﬂ,if Los (X)#0

—ktanh(ax, ),if L, (x)=0,and x,#0

v (x) (12)
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Where a is a positive number and large enough. The
controller (12) is called nearly free-end time-optimal
controller.

Remark 4: Although the optimal property is broken,
replacing the signal function in equation (11) with the tanh
hyperbolic function in (12) can reduce the amplitude of
control input significantly. Simultaneously, the oscillation’s
frequency is also smaller. By choosing a to be large enough,
the state trajectory of system (7) is extremely close to the
optimal trajectory.

lxd 017

N N
Output feedback F The single-pendulum
Linearization system
J %
X
end time-optimal

2 Jo
controller !

J
( Swing-angle X
i observer
0~0,0

Figure 4. The scheme of the closed-loop system

The nearly free-

Theorem 1: The free-end time-optimal controller v’ (x)

will steer the state trajectory of (7) in a fixed time T calculated
by:

T=2 H (13)

k
Where ¢ is the first element of 5(0) =(£ 0)T .

Proof. The state trajectory of the LTI system (7) is
calculated by [18]:

(14)

Define t; is the time interval that v’ (x) =6k . It is easy to
see that the time interval that v’ (x)=-6k is (T-t,).From
(14) we have:

t Tt
x(t)=e"x(0) +8k[e" b'dr-8k [ " b'd
0

Y

(15)

Utilizing the condition for the end point x(T)=(0 O)T,

noting that the initial condition of system is 5(0) =(£ O)T
+o0 n 0 0

and e™ :Zﬂ:HAt (due to A’= ). From
n=0 n! O 0

equation (20) we have:

(16)
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Since T? > 0, it must be select 6 =—sign(g) . From (13), we
3
have T=2 % . The proof is complete.

4. NUMERICAL SIMULATION AND DISCUSSION

To validate the effectiveness of the nearly proposed free-
time optimal controller, as well as the estimation
performance of the swing-angle observer, the numerical
simulations will be handled in Matlab/Simulink platform.
The parameters of the single-pendulum system is given
as the following: M = 10[kgl, m = 1[kg], g = 9.81[m/s?,
B =b =0.1. Performance of the proposed scheme is verified
through two case studies.

Case study 1: Validating the control quality of nearly
free-end time-optimal controller

In this case, the paper focus on validating the control
quality of the proposed controller with some different
values of k. In detail, we simulate with k =3, k=6, k = 15,
k = 0.5, k = 0.2 and k = 1. To ensure the nearly optimal
property, a =300 is selected. All the simulation results in this
case study are implemented within 15 seconds and shown
in Figures 5 and 6. The desired position is assumed to be at
2 meters from the initial position. The initial for tracking error
e(0)is(2 O).

ok - // R
— —incase of k=3
%’15» —in case of k =6
_g 1! —in case of k =15
'g ——in case of k = 0.2
o 05 in case of k = 0.5

' / —in case of k = 1

O — "

0 5 10 15

time [secs]
Figure 5. The positional responses of the system with different values of k

As can be seen easily in Figure 5, the proposed method
steers the trolley’s state at the desired position in a fixed time.
With different values of k and using the equation (13) in
theorem 1, the data of the time of stability is listed in table 1.

Table 1. The data of the time of stability in accordance with value of k

k=0.2 124(s) k=3 1.633 (s)
k=0.5 4s) k=6 1.1547 (s)
k=1 2.8284 (s) k=15 0.7393 (s)

The data in table 1 are compared with the data in Figure
5, it can be seen that the proposed controller satisfies the
control task. The optimal control input is shown in Figure 6.

The responses in both Figures 5 and 6 show that the
greater the value of kis, the greater the control input is also,
and the fast the trolley moves to the desired position. By
contrast, with the small value of k, the more slowly the
trolley moves and the smaller the control input is. Therefore,
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depending upon the control task and the restrictions of
actuated system, the value of k is selected suitably.

10} ——incaseof k=0.2 |
——in case of k = 0.5

3 S 4{\ in case of k = 1
_ n ,\
Q (i (it .“4\- D H
o 0 DAV ENTAATRAY. a0 aa
5 O TaVay
L8 [
5 /
-10 |
0 5 10 15
time [secs]
200

——in case ofk =3
100 ——in case ofk = 6
in case of k = 15

E “
o 0- ‘ ‘fﬁ""')b,.vw.:v\:u:-qu«.v—_.wv_;-_
(S
[T
-100
-200 ;
0 5 10 15
time [secs]

Figure 6. The optimal control input
Case study 2: Comparing to an existing method

The aim of this case study is to compare the proposed
method with another existing method and to demonstrate
the effectiveness of our proposals. The simulation is
implemented within 15 seconds and the existing method
chosen to compare is the fixed-time stabilization method for
non-autonomous system studied in [16]. All simulations are
shown in Figures 7 and 8. In all numerical results in this case,
the value of k is fixed at k = 0.8.

2 [
—Proposed method
—15! — —Existing method
-§- 2.002} ' |
c !
S 1
w
£
05
2
3.1 32 33
0
0 5 10 15
time [secs]

Figure 7. The positional response of the proposed method and existing method

With k = 0.8, using theorem 1, we have T = 3.1623(s).
Observing Figure 7 reveals that replacing the signal function
n (11) by tanh hyperbolic function in (12), the exactly
optimal property is broken. But by selecting a is large
enough, the time interval for trolley’s stability at the origin
deviates non-significantly from the optimal value (about 3.2
(s) - slower 0.04 (s) comparing to the optimal value of time).
For single-pendulum system, the truncation error of stable
time is immensely small and does not affect the control
quality of the closed-loop system.
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10 = =Existing method
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Force [N]
(o)

]
(8}

N
o

0 5 10 15
time [secs]

Figure 8. The control input in case of the proposed controller and existing
controller

The effectiveness of the proposals can be observed
clearly in Figure 8. If utilizing the existing method in [16], the
optimal property is reached exactly but it makes the control
input signal to be oscillated with many high frequencies.
This phenomenon has a negative impact to actuated
system. By contrast, the nearly free-end time-optimal
control reduces the high frequencies and simultaneously
declines the amplitude of input signal. This advantage not
only helps the actuated system to prop up the high-
frequency phenomenon, but the positional response also is
immensely close to the optimal trajectory.

5. CONCLUSION

This paper has presented a new approach for designing
a controller to steer the trolley’s position to be stable at the
desired point in a fixed-time interval without the
information about the swing angle. The nearly free-end
time-optimal controller has been constructed based on the
output feedback principle. The inaccessible information of
swing angle has been estimated by a proposed swing-angle
observer. This solution is advantages in saving the cost of
installing the sensors. The controller has used the estimated
data from observer to determine the control input based on
the maximum principle. By using the proposed optimal
controller, the control input has become smoother, and its
amplitude be reduced significantly whereas the trolley’s
position has been brought back to the desirable optimal
value. The effectiveness of our proposals has been validated
through two cases studies in Matlab/Simulink platform.
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