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ABSTRACT 
This study presents web handling systems with the characteristic of a 

changing moment of inertia and operating radius of rolls. Commonly, sliding 
mode control (SMC) is used to control the web tension of this system due to its 
robustness against modeling imprecision. However, this method still needs to 
consider the components of uncertainty, precisely the moment of inertia. A 
sliding mode controller integrated moment of inertia observer is the novel of the 
paper. The stability of the controlled system is proved by using Lyapunov’s 
stability theory, also presented in this paper. The simulation results are 
compared to clarify that the proposed controller has reliable performance. 

Keywords: Lyapunov's stability theory, moment of inertia, uncertainty 
components, web handling systems. 

TÓM TẮT 
Nghiên cứu này trình bày về hệ thống xử lý vật liệu dạng băng với đặc trưng 

có mômen quán tính và bán kính của các lô cuộn và lô tở thay đổi. Thông thường, 
điều khiển chế độ trượt (SMC) được sử dụng để điều khiển lực căng của vật liệu 
dạng băng của hệ thống này do tính bền vững của nó chống lại sự thiếu chính 
xác của mô hình. Tuy nhiên, phương pháp này vẫn cần xét đến các thành phần 
bất định, chính xác là mômen quán tính của các lô cuộn và lô tở. Một bộ điều 
khiển chế độ trượt tích hợp bộ quan sát mômen quán tính là điểm mới của bài 
báo. Tính ổn định của hệ thống điều khiển được chứng minh bằng cách sử dụng 
lý thuyết ổn định của Lyapunov, cũng được trình bày trong bài báo này. Các kết 
quả mô phỏng được so sánh để làm rõ rằng bộ điều khiển được đề xuất có hiệu 
quả đáng tin cậy. 

Từ khóa: Lý thuyết ổn định Lyapunov, mô men quán tính, các thành phần bất 
định, hệ thống xử lý vật liệu dạng băng.  
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1. INTRODUCTION 

Web handling systems are making significant 
contributions to the overall development of traditional 

technology industries as well as modern technology 
industries [1-3]. The system is a complex nonlinear system 
with many inputs and many outputs. The state variables of 
the system have strict feedback, interact, and influence 
each other. In addition, this system is greatly affected by 
uncertainties as well as external disturbances when 
operating at high power and speed [4]. However, it is also 
the motivation for researchers to improve the technology 
in product improvement by developing different control 
algorithms. 

The goal of every controller is to ensure the system's 
quality, such as the velocity and tension of the materials 
segment. That is especially true for the tension control of 
the materials segment because it affects the quality of the 
output product, leading to economic losses [5-7]. Due to 
their popularity and financial efficiency, proportional-
integral-derivative (PID) controllers are an effective way to 
solve the tension control problem. However, the PID 
controller lacks robustness and adapts to nonlinear models 
with uncertainty and changes in model parameters. For this 
problem, nonlinear control algorithms under the 
backstepping technique are a solution developed by many 
researchers and have had specific results [8,9]. In [10, 11], 
the authors have designed a controller that is a perfect 
combination of the backstepping technique and a 
modified genetic algorithm (GA). Although it has partially 
solved the nonlinearity of the system, this technique, in 
some cases, is also susceptible to disturbances, as in the 
study [12], and has not considered the system of many 
active conduction rolls [11, 12]. Furthermore, calculating a 
virtual control signal faces numerous challenges due to 
unknown nonlinear components. One of the researcher's 
proposals to counter this effect is to develop an SMC 
suitable for nonlinear, multiple-input, and multiple-output 
(MIMO) systems. It is more powerful and superior to PID 
controllers because it reduces dependence on model 
inaccuracies and external disturbances. So there has been 
much research to develop this SMC, and there are many 
remarkable achievements [13-16]. In [17], the authors used 
a SMC to bring the synchronizing error of the induction 
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motors to zero. In the study [18], the authors introduced a 
decentralized structure using one SMC for speed and two 
SMC for tension. Research contributions [19] have 
introduced a powerful SMC with the addition of an 
extended state observer to the traditional SMC. However, 
this method still needs to consider the uncertainty 
component, namely the moment of inertia.  

To overcome these inadequacies, the research team has 
developed a sliding mode controller integrated moment of 
inertia observer. The simulation results of the web handling 
systems show that the system operates steadily and with 
good quality, thereby demonstrating the robustness and 
superiority of the proposed controller. The remainder of 
this paper is divided into four parts. Part two presents the 
modeling of the web handling systems for controller 
design. The third section is devoted to designing a sliding 
mode controller integrated moment of inertia observer. An 
integral part of developing a controller is the proof of 
system stability, also mentioned in the third part based on 
Lyapunov theory. The simulation results of the system are 
shown in part four. The final part is the conclusion and 
suggestions for future controller development.  

2. MATHEMATICAL MODEL FOR WEB HANDLING SYSTEMS 

The main components of web handling systems to be 
considered include an unwinding roll, an active guide roll, 
and a rewinding roll, as shown in Fig. 1. 

 
Fig. 1.  Model of two-span web handling systems 

The study [13] is based on three primary laws of physics: 
the Law of Conservation of Mass, Hooke’s Law, and 
Coulomb’s Law, and mathematical transformations. The 
model of a two-span nonlinear web handling systems is 
then given, but this paper does not consider disturbances. 
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where T1, T2 are the tensions on the respective materials 
segments over time; ωu, ω1, ωr are angular velocities of the 
unwinding roll, active guide roll, and rewinding roll, 
respectively; Tud is the reference tension of unwinding roll; L1, 
L2 are the length of two spans web materials; E is Young's 
elastic modulus; S is the cross-sectional area of materials 
span; , ,

u rf f1 fb b b  are the drag coefficient between the 

bearing and the corresponding rolls; a is materials span’s 
thickness; w is the width of materials span; ρ is the density of 
materials span after deformation; Mtu, Mt1, and Mtr denote the 
torques of the tension force acting on the unwinder roll, 
active guild roll, and rewinder roll; Mcu, Mc1, and Mcr represent 
the torque due to the frictional force acting on the unwinder 
roll, active guild roll, and rewinder roll shaft. Ru, R1, Rr and Ju, 
J1, Jr are the radius and the respective moments of inertia of 
the unwinding roll, active guide roll, and rewinding roll, 
respectively. Significantly, the consideration of the variation 
is to be expressed in equation (3).  
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The variable components Ru, R1, Rr and Ju, J1, Jr 
cause 

uncertainties for the model, so the sliding mode control 
integrated moment of inertia observer is presented in the 
next section to deal with the uncertainties. 
3. A SLIDING MODE CONTROLLER INTEGRATED 
MOMENT OF INERTIA OBSERVER APPROACH OF MULTI-
SPAN WEB HANDLING SYSTEMS 

In this section, we propose a nonlinear control structure 
for the multi-span web handling systems, as shown in Fig. 2. 
The input of the system is the reference signal ω1d and 

 ,
T

d 1d 2dT TT . They are fed to the controllers designed 

according to the cascade control strategy. The outer 

controllers rely on SMC to control the tension  ,
T

1 2T T=T , 

generating the virtual set signals  ,
T

d ud rdω ωω  for the 
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inner controllers and moment of inertia observer. The inner 
controllers are also based on SMC but have an additional 

component ˆ ˆ ˆ ˆ, ,
T

1 u rJ J J 
 J = , which is an observer of the 

moment of inertia  , ,
T

1 u rJ J J=J  provided by moment of 

inertia observer to control the speed  , ,
T

1 u rω ω ωω   of the 

whole system by generating a control torque 

 , ,
T

1 u rM M M=M  for the motor. Assume that the responses 

of the system  ,
T

1 2T T=T ,  , ,
T

1 u rω ω ωω  are completely 

measurable, feedback to the controllers and the moment of 
inertia observer. 

 
Fig. 2.  The control structure based on the Sliding Mode Control Integrated 

Moment of Inertia Observer 
The controller aims to automatically adjust the 

regulators in the control circuit when the       parameters of 
the controlled process is change over time. Select the 
sliding surface as equation (4). 
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Taking the derivative of equation (5), we get 
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Since the input is less than the output, we need to 
divide the system into three subsystem parts to make it 
easier to control tension and speed. First of all, the paper 
considers the dynamic equation of the first span and the 
dynamic equation of the unwinding roll. The virtual control 
signal ωud includes two components: ωudeq  which oversees 

driving the sliding surface 1Tds

dt

 
 
 

 to zero and  ωudsw leads 

the system state toward the sling surface. The virtual 
control signal can be rewritten as 
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The controller Mu is selected u u1 u2 uαM M M M   , with 
Muα is the adaptive compensation, Mu1 which oversees 
driving the sliding surface (dsu/dt) to zero, Mu2 which leads 

the system state toward the sling surface, and ˆ
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estimate of  Ju. 
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Therefore, the driving moment is summarized as 
equation (8) 
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Similarly, the controller M1 is selected as 1 11 12 1αM M M M     
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Finally, we consider the dynamic equation of the two-
span and the dynamic equation of the rewinding roll, the 
control signal ωrd can be rewritten as 
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The control signal Mr is selected as r r1 r2 rαM M M M    
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To summarize we will have two virtual control signals 
ωud and ωrd for tension T1 and T2; three controllers Mu, M1, Mr 
for speed ωu, ω1 and ωr.  
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To determine the stability of the system, we consider 
the following Lyapunov function as 

1 2
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where ˆ ˆ ˆ, , ,u u u 1 1 1 r r rJ J J J J J J J J        γ > 0 and 
select the moment of inertia observer as 
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Taking the time derivative (14), 
dV
dt

 has the formula 
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Substituting equations (12) and (14) into (15), we get 
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The control parameters are chosen as: k1, k2, k1’, k2’, k11, 

k12, ku1, ku2, kr1, kr2 > 0; it can be concluded 
dV

0
dt
 . 

The chattering occurs when the control signal has to 
change the sign of the value with high-frequency in the 
saturated region to keep the state on the sliding surface  
s = 0. Therefore, to reduce this chattering phenomenon, we 
propose a function in continuous form and only 
meaningfully to reduce the frequency of the sign change of 
the control signal however, the amplitude of the oscillation 
keeps stably, defined as equation (17) 

1      khi x 1
sat(x) 1   khi x -1

x      khi - 1 x 1




  
  

 (17) 

4. SIMULATION RESULTS 
In this part, the performance of the proposed controller 

is demonstrated through simulations. The parameters of 

the web handling systems utilized in the simulation can be 
listed as follows: Ru0 = 0.04m, Rr0 = 0.01m,  
bfr = 0.00002533Nms, J1 = 0.007kgm2, R1 = 0.015m,  
Ju0 = 0.007kgm2, bfu = 0.00002533Nms, bf1 = 0.00002533Nms, 
L1 = 0.5m, L2 = 0.5m, E = 2.5 x 109N/m2, ρ = 800kg/m3,  
a = 0.02m, S = 0.002m2, Jr0 = 0.007kgm2, w = 1m. The 
controller parameters are calculated as: ku1 = ku2 = 300,  
k11 = k12 = 700, kr1 = kr2 = 800, k1 = k2 = 50, k1’ =  k2’ = 30,  
γ = 600. Simulation conditional and parameters are set up 
with zero initial conditions, trapezoidal signals of reference 
angular velocities, and the prescribed reference web 
tension is 10 (N).  As we mentioned, the sliding mode 
controller integrated moment of inertia observer has an 
observer component to help estimate the moment of 
inertia. Fig 3, Fig 4, and Fig 5 describe the moment inertia 
of unwinding roll, active guide roll, and rewinding roll 
response, respectively. 

 
Fig. 3. Moment of inertia of unwinding response 

The error response of the moment of inertia between 
the observed value and the actual value of the unwinding 
roll, active guide roll, and rewinding roll is 0.048%, 0.0016%, 
and 0.062%, respectively. Generally, the moment of inertia 
of the active guide tends to be constant due to the radius is 
always permanent; the moment of inertia of the unwinder 
tends to increase because the radius is decreasing, 
conversely, and the moment of inertia of the rewinder 
tends to decrease due to the increasing radius. 

 
Fig. 4. Moment of inertia of active guide response 
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Fig. 5. Moment of inertia of rewinding response 

The observed value gradually increases and sticks to the 
actual value with the response time of unwinder roll, active 
guide roll and rewinder roll are 1.1ms, 0.23ms and 0.5ms 
respectively. This demonstrates the outstanding durability 
and quality of the sliding mode controller that adapts to 
the variation of moment of inertia. 

 
                Fig. 6. The first tension response 

 
Fig. 7. The second tension response 

Besides, the response time and the error response to 
the desired tension value on the first span is 0.055s, 
0.0004% in Fig. 6 and on the second span is 0.13s, 
0.00008% in Fig. 7. This proves the controller's output 
performance is amazing, and the stability of the system is 
verified. 

    
Fig. 8. Angular velocity of active guide response 

 
Fig. 9. Angular velocity of unwinding response 

 
Fig. 10. Angular velocity of rewinding response 

In addition, the response of the actual angular velocity 
to the defined trajectories in the shape of a trapezoid is 
given in Fig. 8, Fig. 9, and Fig. 10. Because the angular 
velocity (ω) is an internal control loop, the fast response 
time less than 1ms and the percentage error is small and 
negligible about 0.00008% of all 3 rolls compared to the 
response time of the external control loop, tension (T). The 
simulation results show the correctness and advantage of 
the algorithm using the sliding mode controller integrated 
moment of inertia observer. Moreover, the saturation 
function in equation 17 is used, which greatly reduces the 
chattering phenomenon compared to the traditional 
controller. Besides, the controller proposes to overcome 
the explosion of terms. As a result, the life of the actuators 
is enhanced, and the product quality is also improved. 
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5. CONCLUSION 
The paper has succeeded in building a sliding mode 

controller integrated moment of inertia observer based on 
the backstepping technique, sliding mode control to deal 
with the moment of inertia. The stability of the controlled 
system is proven using Lyapunov’s stability theory. The 
simulation results have verified the performance and 
superior response of the controllers. However, depending 
on the whole model information is a huge drawback of the 
proposed controller because several model parameters 
cannot be measured in fact. Future work is to develop a 
controller with an extended state observer and an 
uncertainty estimation component for the sliding mode 
controller integrated moment of inertia observer, and 
experimental verification of the control will be conducted. 

 
 
 

REFERENCES 
[1] . I. Jo, et al., 2018. Tension-controlled single-crystallization of copper foils 

for roll-to-roll synthesis of high-quality graphene films. 2D Mater., vol. 5, no. 2, p. 
024002, doi: 10.1088/2053-1583/aaa7b8. 

[2] . F. C. Krebs, T. Tromholt, M. Jørgensen, 2010. Upscaling of polymer solar 
cell fabrication using full roll-to-roll processing. Nanoscale, vol. 2, no. 6, pp. 873–
886, doi: 10.1039/B9NR00430K. 

[3]. M. Zubair, G. Ponniah, Y. J. Yang, K. Choi, 2014. Web Tension Regulation 
of Multispan Roll-to-Roll System using Integrated Active Dancer and Load Cells for 
Printed Electronics Applications. Chin. J. Mech. Eng., vol. 27, pp. 229–239, doi: 
10.3901/CJME.2014.02.229. 

[4]. K. M. Chang, C. P. Weng, 2001. Modeling and Control for a Coating 
Machine. JSME Int. J. Ser. C, vol. 44, pp. 656–661, doi: 10.1299/jsmec.44.656. 

[5]. M. Natarajan, S. Srinivasan, K. Ramkumar, P. Kavitha, V. Balas, 2015. 
Supervisory GPC and Evolutionary PI Controller for Web Transport Systems. Acta 
Polytech. Hung., vol. 12, pp. 135–153, doi: 10.12700/APH.12.5.2015.5.8. 

[6]. T. Nishida, T. Sakamoto, N. I. Giannoccaro, 2011. A self-tuning PI 
decentralized control of web transport system. in IECON 2011 - 37th Annual 
Conference of the IEEE Industrial Electronics Society, pp. 456–461. doi: 
10.1109/IECON.2011.6119354. 

[7]. N. I. Giannoccaro, G. Manieri, P. Martina, T. Sakamoto, 2017. Genetic 
algorithm for decentralized PI controller tuning of a multi-span web transport 
system based on overlapping decomposition. in 2017 11th Asian Control 
Conference (ASCC), pp. 993–998. doi: 10.1109/ASCC.2017.8287306. 

[8]. L. Tong Thi, D. Duong Minh, N. Huy, T. Nguyen, 2021. Web Tension 
Observer Based Control for Single-Span Roll to Roll Systems. International 
Conference on Engineering Research and Applications pp. 874–882, doi: 
10.1007/978-3-030-64719-3_96. 

[9]. L. T. Thi, Y. Zhao, H. N. Danh, M. P. Van, D.C. Quach, D. D. Minh, 2021. 
Web Processing Control using Backstepping and RBF Neural Networks. in 2021 3rd 
International Conference on Smart Power & Internet Energy Systems (SPIES), pp. 
17–22. doi: 10.1109/SPIES52282.2021.9633945. 

[10]. L. Tong Thi, H. Nguyen, D. Cao, T. Nguyen, 2020. Backstepping Control 
of Rewinding Systems with Flexible Couplings. Univers. J. Electr. Electron. Eng., 
vol. 7, pp. 177–186, doi: 10.13189/ujeee.2020.070302. 

[11]. L. T. Thi, L. N. Tung, C. Duc Thanh, D. N. Quang, Q. N. Van, 2019. Tension 
Regulation of Roll-to-roll Systems with Flexible Couplings. in 2019 International 
Conference on System Science and Engineering (ICSSE), pp. 441–444. doi: 
10.1109/ICSSE.2019.8823414. 

[12]. F. Mokhtari, P. Sicard, 2013. Decentralized control design using 
Integrator Backstepping for controlling web winding systems. in IECON 2013 - 39th 
Annual Conference of the IEEE Industrial Electronics Society, pp. 3451–3456. doi: 
10.1109/IECON.2013.6699683. 

[13]. V. T. Dang, et al., 2021. Adaptive Control for Multi-Shaft with Web 
Materials Linkage Systems. Inventions, vol. 6, no. 4, doi: 
10.3390/inventions6040076. 

[14]. D. N. Duc, L. T. Thi, T. L. Nguyen, 2020. Imperfect Roll Arrangement 
Compensation Control based on Neural Network for Web Handling Systems. Eng. 
Technol. Appl. Sci. Res., vol. 10, no. 3, pp. 5694–5699. 

[15]. C. N. Manh, T. N. Manh, D. H. T. Kim, Q. N. Van, T. L. Nguyen, 2012. An 
Adaptive Neural Network based Controller for Car Driving Simulators. Int. J. 
Control, pp. 1–33, doi: 10.1080/00207179.2021.1980823. 

[16]. C. N. Manh, M. T. Van, D. N. Duc, L. N. Tung, D. P. Tien, L. T. Thi, 2019. 
Neural Network Based Adaptive Control of Web Transport Systems. in 2019 
International Conference on System Science and Engineering (ICSSE), pp. 124–
128. doi: 10.1109/ICSSE.2019.8823550. 

[17]. H. Glaoui, A. Hazzab, B. Bouchiba, I. K. Bousserhane, 2013. Speed 
Synchronization of web winding System with Sliding Mode Control. Int. J. Power 
Electron. Drive Syst., vol. 3, pp. 155–169, doi: 10.11591/ijpeds.v3i2.2432. 

[18]. N. R. Abjadi, J. Soltani, J. Askari, 2008. Nonlinear sliding-mode control of 
a multi-motors web winding system without tension sensor. in 2008 IEEE 
International Conference on Industrial Technology, pp. 1–6. doi: 
10.1109/ICIT.2008.4608510. 

[19]. K.M. Chang, Y. Y. Lin, 2013. Robust Sliding Mode Control for a Roll-to-
Roll Machine. in ICINCO 2013 - Proceedings of the 10th International Conference 
on Informatics in Control, Automation and Robotics, Volume 1, pp. 405–409. doi: 
10.5220/0004476304050409. 

 

 

THÔNG TIN TÁC GIẢ 

Lê Xuân Hương1, Trần Đình Dư1, Trần Văn Tú1, Trần Xuân Bộ1, 
Nguyễn Hữu Tùng1, Đặng Văn Trọng1, Vũ Hữu Thích2,  
Nguyễn Tùng Lâm1 
1Đại học Bách khoa Hà Nội 
2Trường Đại học Công nghiệp Hà Nội 

 

 

 

 

 

 

 




